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Abstract

This paper offers an approach to the problem of large state spaces for reinforce-
ment learning by constructing a state-action pair aggregation (treating similar
state-action pairs as if they were the same) with the use of domain knowledge.
Arbitrary aggregation is known to give possibly very large errors. In this pa-
per it is shown how, by using expert knowledge, a state-action pair aggregation
can be constructed with an error bound which can be arbitrarily small. An
algorithm for this approach is proposed, and experimental results on a num-
ber of different domains are given. Using this approach, only a limited number
of episodes and a limited amount of memory are needed for convergence to a
provably approximate solution.
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1 Introduction

Reinforcement Learning is a standard way to solve Markov Decision Problems
without a full model, but in large state spaces the standard algorithms (such as
Q-learning [12]) need too many training episodes and require a lot of memory
(for every state-action pair, a Q-value has to be stored) and may therefore be
practically infeasible.

A standard way to handle this problem is to use state aggregation [7]. Using
state aggregation, sets of states are treated as if they are the same. As Singh et
al. showed in [10], state aggregation in general can give very large errors. How-
ever, for a lot of problem domains, domain experts can provide extra knowledge
which can be used to construct an aggregation of states which gives a reasonable
approximation.

In this paper, we first introduce a generalisation of state aggregation by
aggregating state-action pairs. We show how, with certain domain knowledge,
such a state-action pair aggregation can be constructed online for arbitrarily
small error bounds (the aggregation depends on the chosen error bound). We
prove this theoretically, illustrate the applicability of the approach on a number
of problem domains, and demonstrate its practical feasibility experimentally. The
experimental results illustrate how a limited amount of domain knowledge can
give important reductions in the memory needs and number of needed episodes
to reach a solution with limited error.

This paper is structured as follows: in Section 2 the kind of problems we try
to solve are discussed. Also a brief summary of related work will be given here. In
Section 3, we show how to use domain knowledge to construct a state-action pair
aggregation with limited error and provide a proof of this bound. We introduce
an algorithm which is based on this theory. Section 4 discusses the performance
of this algorithm on a number of different experiment domains. We conclude in
Section 5.

2 Background and Related Work

2.1 Background

We consider an agent acting in a Markov Decision Process (MDP) 〈S,A,R, T, γ〉.
Here S is a set of states, A a set of actions, R : S → IR the reward function
(arriving in state s gives reward R(s)), T : S × A × S → [0, 1] the transition
probabilities (performing action a in state s will lead to state s′ with probability
T (s, a, s′)), and 0 ≤ γ < 1 the discount factor, which indicates the relative
importance of future rewards with respect to immediate rewards. We assume
the agent has full observability of the state of the environment. The problem
is to find a policy, a mapping from states to actions π : S → A, which gives
the maximal expected discounted reward IE

∑∞
i=0 γiR(s(i)) (from here on s(i)

indicates the state encountered at time step i).
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The quality function of a state-action pair (s, a) using a fixed policy π is
defined as the single solution of the following set of recursive equations:

Qπ(s, a) =
∑

s′

T (s, a, s′)
[

R(s′) + γQπ(s′, π(s′))
]

An optimal policy π∗ of a MDP is a policy with highest Q-values. We will use
the shorthand notation Q∗ for Qπ∗

.
Reinforcement Learning [11] is the solving of this problem without knowledge

of the functions R and T . In Q-learning [12], estimates of the Q-values of each
state-action pair are kept, and when a state-action pair (s, a) is visited for the i-
th time, after which state s′ is observed and a reward R(s′) received, the Q-value
of (s, a) is updated by:

Q(s, a)← Q(s, a)(1− αi) + αi

[

R(s′) + max
a′

Q(s′, a′)
]

Here αi is the learning rate at time step i,
∑∞

i=1 αi =∞ and
∑∞

i=1 α2
i <∞.

This procedure is guaranteed to converge to the optimal values Q∗. However, it
requires a large number of visits of each state-action pair, which in large state
spaces is unacceptable. Worse, for continuous state spaces or action spaces this
approach is not applicable.

This problem can be solved with the use of state-action pair aggregation:
State-action pair aggregation is a mapping from the set of state-action pairs
S×A to a set X. This gives a partitioning of S×A. The MDP will be transformed
into a POMDP (partially observable MDP). It is a POMDP because the Markov
property (future behaviour is only dependent on the current state, not on the
history) is lost.

Singh et al. showed [10] that Q-learning when using state aggregation con-
verges to the solution of the following set of recursive equations:

Q̂(x, a) =
∑

s∈S

P (s|x, πl)
∑

s′∈S

T (s, a, s′)
[

R(s′) + γQ̂(µ(s′), π̂(µ(s′)))
]

π̂(x) = argmax
a

Q̂(x, a)

Here P (s|x, πl) is the probability that state s is the actual ground state, if
aggregate state x is observed. This probability depends on the learning policy πl

that was used while training. If the ground states which belong to one aggregate
are very different (in reward or transition probabilities), this result can have
arbitrarily large errors [9]. However, if a state aggregation would be constructed
where there are bounds on the differences in quality values for all states in an
aggregate, better results can be attained.

In a lot of domains experts have useful information about similarities and dif-
ferences between state-action pairs. We show how this knowledge can be used to
construct a state-action pair aggregation where the differences in quality values
for all state-action pairs in an aggregate are bound. For a number of domains,
this will be illustrated in the experiments of Section 4, where a limited amount
of extra knowledge is used to obtain better results than classical approaches.
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2.2 Related Work

State Aggregation as a solution for reinforcement learning in large state spaces
has been widely studied. In [7], Li et al. present a summary of a large part of
this work, however they concentrate on exact methods, while our approach is
an approximate method. They divide the different approaches, amongst other
criteria, according whether the algorithm needs to have full knowledge of the
MDP. Our approach uses partial knowledge about the MDP.

Using knowledge about domain topology and dynamics is also not a new
concept. In [1, 5, 6] the authors argue that assumptions about the topology of
the state space can be useful (or even necessary) for reinforcement learning to
work in a reasonable way. Kakade et al. [4] discuss how a near-optimal algorithm
can be constructed for reinforcement learning in MDP’s with a natural metric
on the state space. This algorithm requires the ability to construct local models
for the reward and transition functions, and finds a near optimal policy in an
amount of time which is a function of the covering number of the state space
(the number of local models needed to cover the entire space). Our approach
also works in an amount of time dependent on the covering number of the state
space instead of the actual size (cardinality) of the state space; however it does
not require local or global models.

In [2], a method is discussed which learns a partitioning of an N-dimensional
state space online, using a method closely related to self-organising maps. Our
approach will construct the partitioning online, but using knowledge from do-
main experts instead of experiment results (which might be noisy in stochastic
domains). The advantage of our approach is that it is proven to find an approxi-
mately good solution, and that it can also be used in other types of worlds than
N-dimensional state spaces.

3 Theory and Algorithm

In this section we will discuss what information is needed to construct a reason-
able aggregation. We show how a distance function between state-action pairs
or between states can be constructed from this information. We prove that the
difference between the Q-values of state-action pairs is closely related to this dis-
tance function. We argue how a reasonable state-action pair aggregation can be
constructed with this distance function. We prove that the optimal Q-values of
ground state-action pairs are similar to the estimated Q-values of the aggregate
states. We introduce an algorithm which constructs such an aggregation online.

3.1 Needed Domain Knowledge

We will represent the expert domain knowledge by two mappings ∆R and β,
which bound how much two episodes starting at given state-action pairs may
diverge. We will describe the difference between two state-action pairs using
elements of some partially ordered space Θ,≤Θ; the exact form of Θ is left open
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for now. The difference function θ : (S×A)×(S×A)→ Θ maps two state-action
pairs onto their “Θ-difference”.

We now define a function ∆R : Θ → IR that maps a Θ-difference onto an
upper bound for the difference in expected immediate reward that two state-
action-pairs with that Θ-difference may have. In other words, whenever two
state-action-pairs have a Θ-difference of d, their expected immediate reward can
be at most ∆R(d). More precisely,

∑

s′

1
,s′

2

T (s1, a1, s
′
1)× T (s2, a2, s

′
2)|R(s′1)−R(s′2)| ≤ ∆R(θ(s1, a1, s2, a2)) (1)

We next define β as follows. Given two state-action-pairs 〈s1, a1〉 and 〈s2, a2〉
with Θ-difference d, β(d) is an upper bound for the Θ-difference between 〈s′1, a〉
and 〈s′, a〉, where s′1 and s′2 can be any state to which 〈s1, a1〉 resp. 〈s2, a2〉 may
lead. Formally,

∀a : T (s1, a1, s
′
1)× T (s2, a2, s

′
2) > 0⇒ θ(s′1, a, s′2, a) ≤Θ β(θ(s1, a1, s2, a2)) (2)

We further impose the following monotonicity constraints on ∆R and β:

∀θ1, θ2 ∈ Θ : θ1 ≤Θ θ2 ⇒ [∆R(θ1) ≤ ∆R(θ2) and β(θ1) ≤Θ β(θ2)] (3)

These functions and constraints will be illustrated in the examples in Section 4.
These functions give a bound on the difference in optimal Q-values of state-

action pairs:

Lemma 1. If two state-action pairs 〈s1, a1〉 and 〈s2, a2〉 are both followed by
a fixed sequence of actions a = a(1), a(2), a(3), . . ., the difference in expected

cumulated discounted reward
∣

∣

∣

∑∞
i=0 γiR(s

(i+1)
1 )−

∑∞
i=0 γiR(s

(i+1)
2 )

∣

∣

∣
is at most

∑∞
i=0 γi∆R(βi(θ(s1, a1, s2, a2))), where βi denotes applying the function β i

times.

Proof. It is easy to prove by induction that, for every two state-action pairs

(s1, a1) and (s2, a2): ∀i : βi(θ(s1, a1, s2, a2)) ≥Θ θ(s
(i)
1 , a(i), s

(i)
2 , a(i)). For i = 0,

this is obvious as β0(θ) = θ. For i > 0, this follows from the fact that β is
monotonous and an overestimation of the θ-difference of the next state-action
pairs.

From the monotonicity of ∆R then follows

|R(s
(i+1)
1 )−R(s

(i+1)
2 )| ≤ ∆R(θ(s

(i)
1 , a(i), s

(i)
2 , a(i))) ≤ ∆R(βi(θ(s1, a1, s2, a2)))

(4)
for all i > 0 and therefore

∞
∑

i=0

γi|R(s
(i+1)
1 )−R(s

(i+1)
2 )| ≤

∞
∑

i=0

γi∆R(βi(θ(s1, a1, s2, a2))) (5)

The fact that
∣

∣

∣

∣

∣

∞
∑

i=0

γiR(s
(i+1)
1 )−

∞
∑

i=0

γiR(s
(i+1)
2 )

∣

∣

∣

∣

∣

≤

∞
∑

i=0

γi|R(s
(i+1)
1 )−R(s

(i+1)
2 )| (6)
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concludes the proof. ut

In what follows, we use the shorthand notation B(θ) :=
∑∞

i=0 γi∆R(βi(θ)).
From Lemma 1, we can prove the following theorem:

Theorem 1 (Upper bound on difference in Q-values). The difference be-
tween the optimal Q-value of two state-action pairs 〈s1, a1〉 and 〈s2, a2〉 is given
by B(θ(s1, a1, s2, a2)):

∀s1, a1, s2, a2 : |Q∗(s1, a1)−Q∗(s2, a2)| ≤ B(θ(s1, a1, s2, a2)) (7)

Proof. Without loss of generality, take Q∗(s1, a1) ≥ Q∗(s2, a2). Take an ac-
tion sequence a(1), a(2), . . . that is optimal after state-action pair (s1, a1). From
Lemma 1 it follows that performing the same sequence after (s2, a2) gives an ex-
pected cumulated discounted reward rew ≥ Q∗(s1, a1)−B(θ(s1, a1, s2, a2)); at
the same time Q∗(s2, a2) ≥ rew because of the optimality of Q∗ and Q∗(s1, a1) ≥
Q∗(s2, a2) by assumption. This proves the result. ut

Any function B which overestimates the difference in Q-values could be used.
The approach using the functions θ, β and ∆R is a useful method to construct
such a function for many domains. We used this approach for the experiment
domains of Section 4. Any overestimating function could be used, but using
tighter bounds will lead to more optimal behaviour. In the extreme case, we
could take θ = 0 if the state-action pairs are equal, and θ = 1 otherwise, and
∆R the difference between the highest and lowest possible reward. In this case
the result would be that all state-action pairs are stored. On the other hand, if we
have full knowledge of the entire MDP, we could calculate the exact differences
in optimal Q-values and use these as θ.

3.2 Constructing the Aggregation

We now will show how to construct a state-action pair aggregation with limited
error.

Definition 1 (ε-bounded aggregation). Consider a set C ⊂ (S×A) of cen-
ters, and a mapping agg : S×A→ C, such that ∀s, a : B((s, a),agg(s, a)) ≤ ε.
The state-action pairs (s, a) with agg(s, a) = c belong to the center c.

Theorem 2. For an ε-bounded aggregation, any two state-action pairs which
belong to the same center, have a difference in optimal Q-values bound by 2ε:
∀s1, s2,∀a1, a2 : agg(s1, a1) = agg(s2, a2)⇒ |Q

∗(s1, a1)−Q∗(s2, a2)| ≤ 2ε

Proof. From Theorem 1, we can see that the difference in optimal Q-values
between a center and the state-action pairs which belong to it is bound by ε,
and

|Q∗(s1, a1)−Q∗(s2, a2)| ≤ |Q
∗(s1, a1)−Q∗(c)|+ |Q∗(s2, a2)−Q∗(c)| ≤ ε + ε

ut
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We will create a variant of the Q-learning algorithm in an MDP with ε-
bounded state-action pair aggregation. The Q-learning algorithm will store a
Q-value for each center. If a state s is encountered, and the action a is used, and
the next-state is s′, the Q-value of agg(s, a) will be updated by the maximum
of possible next Q-values:

Q(agg(s, a))← (1− αi)Q(agg(s, a)) + αi

[

r(s′) + γ max
a′∈A)

Q(agg(s′, a′))
]

(8)

Using a proof following closely the proof in [9], this can be shown to converge to
a solution of

Q̂(c) =
∑

s,a

P (s, a|c, πl)
∑

s′∈S

T (s, a, s′)
[

R(s′) + γQ̂(agg(s′, π̂(s′)))
]

(9)

π̂(s) = argmax
a

Q̂(agg(s, a))

Proof. Consider a variation on Q-learning called semi-batch Q-learning, where
the updates to the Q-values are stored for batches of size M , where M is large
enough so the average number of occurences that state s and a are actually
encountered when the aggregate agg(s, a) is observed, is close enough (closer
than some ε) to the real P (s, a|agg(s, a), πl) with probability 1−ε. This version
of semi-batch Q-learning will behave analoguous to the version in [9]:

Let Mk(c) be the number of times the aggregate state-action pair c was
executed within the kth batch of size M , nk(s, a|c) be the number of times the
actual underlying state-action pair was 〈s, a〉 when the aggregate c was executed,
ans nk(s′|c) the number of times the next-state after executing c was s′. The
policy used during learning is the policy πl. Then the Q-value of c after the kth

batch is given by:

Qk+1(c) = (1−Mk(c)αk(c))Qk(c)

+Mk(c)αk(c)
∑

s′

nk(s′|c)

Mk(c)

[

R(s′) + γ max
a′

Qk(agg(s′, a′))
]

Denote Q̂(c) the solution of (9). Let

Fk(c) =
∑

s′

nk(s′|c)

Mk(c)

[

R(s′) + γ max
a′

Qk(agg(s′, a′))
]

− Q̂(c)

then

Fk(c) =
∑

s,a

P (s, a|c, πl)
∑

s′

R(s′)×

[

nk(s′|c)

Mk(c)
− T (s, a, s′)

]

+γ

[

nk(s′|c)

Mk(c)
max

a′

Qk(agg(s′, a′))− T (s, a, s′)max
a′

Q̂(agg(s′, a′))

]
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As the sample probabilities converge to P (s, a|agg(s, a), πl) with an error of
maximally ε with probability (1 − ε), the same must go for the probabilities
P (s′|c), and the first part of this formula can be bounded by

∑

s′

R(s′)×

[

nk(s′|c)

Mk(c)
−
∑

s,a

P (s, a|c, πl)T (s, a, s′)

]

≤
∑

s′

R(s′)× ε

with probability (1−ε). For the second part of the formula, using an analoguous
reasoning, we can see that it is bounded by

γ
∑

s′

[

nk(s′|c)

Mk(c)
max

a′

Qk(agg(s′, a′))

−
∑

s,a

P (s, a|c, πl)T (s, a, s′)max
a′

Q̂(agg(s′, a′))

]

≤ γ × ε×max
c′
|Qk(c)− Q̂(c′)|

with probability (1− ε). We have that ∀ε : ∃M such that the probabilities have
converged to within ε with probability (1− ε), because of Perron’s theorem [8].
The rest of the proof is equal to the proof of the convergence of Q-learning in
POMDP’s of [9]. The semi-batch result can be extended to the online case by
using the analysis of [3]. ut

Now we only have to show that the estimated values Q̂(c) will have an error
which is bound by a function of ε.

Definition 2 (Q(i) and Q(i)).

Q(0)(s, a) = Q∗(s, a) (10)

Q(i)(c) =
∑

(s,a):agg(s,a)=c

P ((s, a)|c, πl)Q
(i)(s, a) (11)

Q(i+1)(s, a) =
∑

s′∈S

T (s, a, s′)

(

r(s′) + γ max
a′∈A

Q(i)(agg(s′, a′))

)

(12)

These functions define Q(i) and Q(i) recursively. Q(i) computes the aggre-
gated value of the center (taking the average over the ground states) and and
Q(i) computes the quality value of a state-action pair. Note that the computation
switches to the optimal policy after i time steps (when Q(0) is reached). Below,
we show that this converges to values which have an error which is bound by a
function of ε when i goes to infinity.

Lemma 2. If the parameter i of Q(i) and Q(i) is increased by 1, the increase in
error is bound by a factor γ resp. an addition of 2ε.

1. ∀s, a : |Q∗(s, a) − Q(i)(s, a)| ≤ ∆ ⇒ ∀s, a : |Q∗(s, a) − Q(i)(agg(s, a))| ≤
∆ + 2ε
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2. ∀s, a : |Q∗(s, a) − Q(i)(agg(s, a))| ≤ ∆ ⇒ ∀s, a : |Q∗(s, a) − Q(i+1)(s, a)| ≤
γ∆

Proof. 1. Assume ∀s, a : |Q∗(s, a) − Q(i)(s, a)| ≤ ∆. Consider a specific state-
action pair (s1, a1). From Theorem 2, we know that for each (s, a) for which
agg(s1, a1) = agg(s, a), |Q∗(s1, a1) − Q∗(s, a)| ≤ 2ε. This means that for
any probability distribution on the state-action pairs in this same aggregate:

∑

(s,a)

P ((s, a)|agg(s1, a1), πl)|Q
∗(s1, a1)−Q∗(s, a)| ≤ 2ε (13)

Because of the assumption, we know that
∑

(s,a)

P ((s, a)|agg(s1, a1), πl)|Q
∗(s, a)−Q(i)(s, a)| ≤ ∆ (14)

Using the triangle inequality, we get that
∑

(s,a)

P ((s, a)|agg(s1, a1), πl)|Q
∗(s1, a1)−Q(i)(s, a)| ≤ ∆ + 2ε (15)

Using the definition of Q(i)(c):

∀s, a : |Q∗(s, a)−Q(i)(agg(s, a))| ≤ 2ε + ∆ (16)

2. Assume ∀s, a : |Q∗(s, a)−Q(i)(agg(s, a))| ≤ ∆. Because of the definition of

Q(i+1)(s, a), we know that:
∣

∣

∣
Q∗(s, a)−Q(i+1)(s, a)

∣

∣

∣
(17)

≤
∑

s′∈S

T (s, a, s′)γ

∣

∣

∣

∣

max
a′

Q∗(s′, a′)− max
c∈Nε(s′)

Q(i)(c)

∣

∣

∣

∣

(18)

We know that |Q∗(s′, a′)−Q(i)(agg(s′, a′))| ≤ ∆ (otherwise they would not
be in the same aggregate). Combining this with (18) gives the desired result.

ut

Corollary 1. If the aggregation is used infinitely, the error (with respect to op-
timal Q-values) of the predicted Q-values for each state-action pair is bound by
2ε

1−γ
.

Proof. The maximal error of Q(0) = 2ε, the maximal error of Q(1) = 2ε(1 + γ),
the maximal error of Q(2) = 2ε(1 + γ + γ2), and so on. In general: the bound on

the error of Q(i) = 2ε
∑i

j=0(γ
j). For i → ∞, meaning the aggregation is used

infinitely, the maximal error will converge to 2ε
1−γ

. ut

Theorem 3. A policy which chooses in each state an action for which the ap-
proximate Q-value of the corresponding center is highest will have an error which
is bound by 2ε

1−γ
.

Proof. The approximate Q-values correspond to the expected cumulated re-
wards, estimated using the learning policy πl. However, the error for any policy
is bound by 2ε

1−γ
, therefore the expected cumulated reward when using the de-

rived policy will also have an error which is bound by this value. ut
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3.3 The SAGA Algorithm

We implemented an algorithm SAGA, which requires a distance function be-
tween states or state-action pairs (as introduced in subsection 3.2) and an error
bound ε, and which constructs an ε-bounded aggregation. While constructing
this aggregation, the algorithm also estimates the Q-values of every aggregate
state-action pair. As follows from Theorem 3, the result will be an approximation
of the optimal Q-values which has an error no worse than 2ε

1−γ
.

SAGA starts with an empty set of stored state-action pairs. Whenever a
state-action pair is encountered, SAGA checks if there is a stored state-action
pair nearby (closer than ε). If this is not the case, the new state-action pair will
be stored as a new center. If there were state-action pairs nearby, those will be
updated using the Q-update-rule as in standard Q-learning.

4 Experiments

In this section we describe some experimental domains where we applied the
algorithm, we discuss the information we used about the domain and compare
the result with other classical state abstraction approaches.

A first experiment domain is illustrated in Figure 1(a). The state space is
IR, the actions are {+0.01,−0.01,+0.00}. The reward received at a state x is
e−|x−t|, with t in the interval [0, 10] – the value of t was chosen randomly at the
start of every experiment (figure 1(a) has t ≈ 8.1). The value of γ is 0.9. We ran
our algorithm with three different error bounds (0.2, 1, and 5). In the distance
function, we included knowledge of the (absolute value) of the gradient at the
states, how much this gradient can change at each timestep, and the absolute
difference between the two states. We did not aggregate actions, only states. In
particular, we used the following functions for θ, ∆R and β, (R′(x) denotes the
gradient of the reward function at position x):

θ(s1, a1, s2, a2) = 〈|s1 − s2|,max(|R′(s1)|, |R
′(s2)|)〉 if a1 = a2

= ∞ otherwise

∆R(〈D,G〉) = D ×G,∆R(∞) =∞

β(〈D,G〉) = 〈D,G× e0.01〉, β(∞) =∞

〈D1, G1〉 ≤Θ 〈D2, G2〉 ⇔ D1 ≤ D2 or G1 ≤ G2

(The ∞ is used to aggregate only states, not actions.)
For this choice of θ, β and ∆R, ≤Θ, we can prove that the constraints from

Section 3 hold:

(1) : ∆R(θ(s1, a, s2, a)) = |s1−s2|×max(|R′(s1)|, |R
′(s2)|) ≥ |R(s1+a)−R(s2+

a)| because of the local concavity of the reward function.
(2) : β(θ(s1, a, s2, a)) = 〈|s1 − s2|, e

0.01 × max(|R′(s1)|, |R
′(s2)|). Indeed, if we

perform the same action a in both s1 and s2, the distance between the
next-states will not increase. The maximum relative increase of the gradient

= |R′(t− s− 0.01)| = | δet−s−0.01

δs
| = et−s−0.01 ≤ 0.01× et−s.

9



(3) : evident

We computed the function B from this knowledge as a closed-form formula
in D and G: B(G,D) = G×D

1−γe0.01 . We also tested a classical aggregation using no
extra domain knowledge, which partitions the state space in equal-sized inter-
vals, with a number of intervals comparable to the number of stored state-action
pairs using SAGA with error bound 1. We repeated the experiment ten times and
took the average of the results. The average cumulated rewards after increasing
numbers of episodes are shown in Figure 1(b). Here the horizontal line at 27.4
represents the average expected cumulated reward if the optimal policy would be
used. We see from the graph that both SAGA-1 and SAGA-0.2 outperform the
classical approach, but SAGA-5 performs worse. We can assume that SAGA-0.2
will improve even more after a larger number of episodes. The classic algorithm
converges faster to a solution which is worse than the solution found by SAGA-1,
with the same number of stored state-action pairs. This is what we expected, as
this approach does not use extra knowledge and will not use a higher resolution
in the more interesting parts. The stored states of SAGA-1 are marked in Fig-
ure 1(a) as stars. From this graph is clear that the resolution of stored states for
SAGA is concentrated at the most interesting region. More results can be seen
in Figure 1(c). Here is shown the average computing time in seconds, and the
average number of stored states (the number of stored state-action pairs is equal
to three times this number). From this table we can see that SAGA-0.2 performs
slower and needs more state-action pairs than SAGA-1. The classic algorithm
performs somewhat faster than SAGA-1, but uses slightly more memory and has
worse performance. For SAGA-5, we see that the number of stored states is very
low, but still convergence is slow. This can be explained by the higher variance
in rewards due to the aggregation of dissimilar states: it will take longer before
accurate averages are found as approximations of the Q-values.

A second experiment was performed on a problem which we named col-
orstacks. It is roughly based on the blocks-world. Consider a table on which are
a set Σ of stacks of colored blocks. A subset N of the colors of those blocks are
considered needed. This is illustrated in Figure 2(a). The possible actions are re-
moving the top block of one of the stacks. If this block’s color is in N , that color
is removed from N . The problem is to find the solution requiring the smallest
number of moves. This problem subsumes the set-cover problem, which implies it
is an NP-complete problem. The knowledge we used incorporates both an upper
bound u and a lower bound l on the number of moves required, both of which can
be computed in time linear in the number of blocks times the number of needed
colors: u(s) =

∑

c∈N mint∈Σ depth(c, s), l(s) = maxc∈N mint∈Σ depth(c, s).
The distance between two state-action pairs 〈s1, a1〉 and 〈s2, a2〉, giving next-
states s′1 and s′2, is then defined as max(γl(s′

1
) − γu(s′

2
), γl(s′

2
) − γu(s′

1
)). We

compared the performance of the SAGA-algorithm, using an error bound of
0.01, with a purely table-based approach (every state-action pair is stored). To
make the comparison more fair towards the table-based version, we used some
simplifications (which are implicitly also used in the SAGA distance measure).
Unneeded colors of blocks were just labeled blank, to reduce the number of
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algorithm time stored

Classic 11260 s 21.8
SAGA 5 7948 s 5.2
SAGA 1 15347 s 20.4
SAGA 0.2 61159 s 89.0

(c) Time and Memory
Needs

Fig. 1. One-dimensional problem

essentially equivalent states which would have to be stored. States which were
equivalent up to a mapping of the needed colors were also considered equal. This
would, however, still give approximately 2.5 × 1029 different state-action pairs
if we put #N = 3, #Σ = 5, stack-height = 10. This number is exponential
in #Σ × stack-height, which represents the number of blocks in an initial
state. SAGA only kept about 30 state-action pairs in memory. The performance
is shown in Figure 2(b). From this figure, it is clear that SAGA can reduce the
number of steps needed to reach the goal with only a limited number of stored
state-action pairs. The table-based approach is guaranteed to find the optimal
solution for every situation, but it will take too much time and memory to be of
real use.

A third experiment domain consists of a 2-dimensional world (Figure 3(a)).
There is a reward-hill (similar to our first experiment domain), and the agent can
take steps to the North, East, South and West, or stay put. The effect of the steps
depends on the location: there is a varying friction in the world. At one spot,
the friction is high and reduces the size of the steps. We ran SAGA using only
state-aggregation, using domain knowledge consisting of the Euclidean distance
between states, the difference in friction in both states and the maximal gradient
of the reward function in both states. To speed up the process, we used indexing.
This uses a equally-spaced grid on the state space, and only states within the
same square of the grid will be compared.
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Fig. 2. Colorstacks

In Figure 3(a) we can see that the distribution of stored-state action pairs
is higher in the neighbourhood of the top of the reward-hill (marked with a ?),
but lower in the the higher-friction area (marked with ⊗). The reason for this is
that in the high-friction area, the steps are smaller. This gives a lower variance
of Q-functions in this area. In Figure 3(b) the cumulated rewards (averaged over
5 runs of the experiment) is shown. We compared SAGA to an approach which
divided the state space in an equally-spaced grid. From this graph it is clear that
SAGA will need less episodes to converge to a reasonable solution. The number
of stored states is about 4475 for the classic approach and 4425 for SAGA.

5 Conclusions

In this paper we introduced how expert knowledge can be used to construct a
state-action pair aggregation with proven error bound. The advantage of this
approach is that the number of stored state-action pairs can be greatly reduced
while still approximating the optimal solution up to a arbitrarily small bound.
With a smaller state-action space, the number of episodes needed to reach a
reasonable solution can be expected to be much smaller. Compared to other
classic approaches to reduce the number of states, the use of expert knowledge
should give a denser resolution in the more difficult regions of the state space,
and because of this, the error should be smaller.

With the experiments of Section 4 we verified these suppositions. The al-
gorithm decreases the number of needed state-action pairs and the number of
episodes needed for convergence, even though the variance on obtained rewards
per state-action aggregate is higher with the SAGA-approach (the amount of
variance depends on the value of the allowed error). Compared to classic ap-
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Fig. 3. 2-Dimensional Domain

proaches which use an equal number of stored state-action pairs, we obtain a
solution with smaller error.

There are also some disadvantages to our approach. As the learned Q-values
are only approximations, the infered policies might be totally different from the
optimal policies. SAGA is not guaranteed to give an exact optimal solution. Also,
if the distance function B is complicated and computing it is time-consuming,
the processing of each episode will take a long time, as every state-action pair
has to be compared to all other state-action pairs which were already stored.
However, as in the final experiment, an indexing function can be used to speed
up the process, without increasing the error.

Planned future work includes using a weighted variant of SAGA, where a
weighted average of stored state-action pairs is used for predictions instead of
those within the error bound. Also, we will investigate the use of dynamic error
bounds: start with a large bound, then gradually decrease it. Preliminary exper-
iments with this were not entirely satisfactory. There is much tuning involved:
when to decrease the bound, when to stop decreasing, how much to decrease it.
Also it is not clear whether increasing the bound at some point in time might
be useful or necessary.
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