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Abstract

Type inference for Hindley/Milner and variants is well under-
stood as a constraint solving problem. Recent extensions to Hind-
ley/Milner such as generalized algebraic data types (GADTs) force
us to go beyond this approach to inference.

In this paper we show how to perform type inference for GADTs
using Herbrand constraint abduction, a solving method to infer miss-
ing facts in terms of Herbrand constraints, i.e. conjunctions of type
equations. But typeinference for GADTs is very hard, we are the
first to give example programs with an infinite number of maximal
types. We propose to rule out several kinds of “non-intuitive” so-
lutions and show that we can construct in this way a complete and
decidable type inference approach for GADTs and sketch how to
support type error diagnosis. Our results point out new direction
how to perform type inference for expressive type systems.
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Abstract
Type inference for Hindley/Milner and variants is well under-
stood as a constraint solving problem. Recent extensions to Hind-
ley/Milner such as generalized algebraic data types (GADTs) force
us to go beyond this approach to inference.

In this paper we show how to perform type inference for GADTs
using Herbrand constraint abduction, a solving method to infer
missing facts in terms of Herbrand constraints, i.e. conjunctions
of type equations. But type inference for GADTs is very hard,
we are the first to give example programs with an infinite number
of maximal types. We propose to rule out several kinds of “non-
intuitive” solutions and show that we can construct in this way a
complete and decidable type inference approach for GADTs and
sketch how to support type error diagnosis. Our results point out
new direction how to perform type inference for expressive type
systems.

1. Introduction
Currently there is substantial interest in an extension of the Hind-
ley/Milner (HM) type system known as generalized algebraic data
types (GADTs) [2, 25].1. GADTs generalize the well-known alge-
braic data types [8] from Haskell and ML by supporting a form
of type refinement connected to case expressions. This makes it
possible for the programmer to impose more expressive forms of
types on programs [1, 17], something which used to be the exclu-
sive domain of specialized systems such as dependent [4] and index
types [27, 26].

Type inference for GADTs is supposed to be difficult. For the first
time, we show GADT programs that can be given an infinite set
of maximal types. Hence, we establish that GADT type inference
is incomplete and undecidable in general. We also show that prin-
cipal types for GADTs (if they exist) are not necessarily “compo-
sitional”. From the HM type system we are used to the fact that
to infer the principal type of an expression, it is sufficient to infer
the principal types of its sub-expressions. GADTs do not enjoy this
property.

Previous works on GADT inference can be divided into two cate-
gories. Simonet and Pottier [19] develop a complete GADT infer-
ence system by enlarging the set of expressible types at the expense
of readability of inferred types and incurring a non-elementary
complexity of the inference algorithm. Work by Pottier/Régis-
Gianas [16] and Peyton Jones et. al. [15] demand user input in

∗ Research Assistant of the fund for Scientific Research - Flanders (Bel-
gium)(F.W.O. - Vlaanderen)
1 GADTs are also known as guarded recursive data types or first-class
phantom types.

form of type annotations to recover principal and decidable type
inference via standard Hindley/Milner techniques.

In our approach, we attempt to find a balance between these two
categories. Our method is less general than [19] without rejecting
sensible programs. The advantage of our approach is that we infer
familiar Hindley/Milner types and we are more general than [16,
15] (i.e. programs require fewer type annotations). Our method is
completely predictable. That is, we can precisely characterize the
set of programs for which our inference method succeeds and we
do not rely on heuristical methods such as [16]. In addition, our
method has also the potential to support type error diagnosis.

The key method behind our inference approach is abduction. The
term abduction was coined by the philosopher Pierce [13] whose
aim was to provide a theory about human reasoning, particularly
concerned with scientific discovery. He identified abduction, the
ability to reason from observed results to the basic missing facts
from which they follow, as one of three fundamental principles.
The other two principles are deduction and induction. In artificial
intelligence, abduction has been embraced to overcome limitations
of deductive reasoning. This has also led to extensive research
in the area of abductive logic programming, e.g. see [3] for an
overview.

To the best of our knowledge, we are the first to propose GADT
type inference via Herbrand constraint abduction, i.e. the basic
missing facts are represented via Herbrand constraints. In [10],
Maher introduces Herbrand constraint abduction.2 Applying his
results to the GADT type inference setting is an entirely non-trivial
task.

In summary, our contributions are:

• We provide concrete examples that explain why type inference
for GADTs in general is such a hard problem (Section 2.1).

• We introduce a novel GADT inference method based on Her-
brand constraint abduction (Section 2.2).

• To obtain a GADT type system specification which enjoys com-
plete and decidable type inference, we restrict the set of typable
programs by ruling out certain non-intuitive types (Section 5).

• We can verify that the intuitive GADT system (Section 5.3) en-
joys complete and decidable type inference, is a conservative
extension of Hindley/Milner, is stable (i.e. program remain in-
tuitive if we annotate them with correct type annotations), and
retains principal types under some sensible conditions.

• We explore applications of Herbrand constraint abduction to
type error diagnosis (Section 2.4).

2 We would like to point out that Maher [10] cites a previous draft of this
paper for why he believes his work has connections to type inference.
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2. The GADT Type Inference Problem
First, we give two example programs that precisely explain why
type inference for GADTs is such a hard problem. Then, we high-
light the key ideas behind our GADT type inference via Her-
brand constraint abduction method. We will see that our inference
method improves over previous works for the particular case of
non-polymorphic recursive GADT programs. Typical GADT appli-
cations [17, 25] rely on polymorphic recursion for which inference
is known to be undecidable unless we provide type annotations [6].
We show that Herbrand constraint abduction is also useful in case
of type inference in the presence of (potentially incorrect) type an-
notations.

2.1 Loss of Principality and Undecidability

Here is a GADT program which can be given an infinite set of
maximal types. We say a type is maximal if there is no other more
general type. We will use Haskell style syntax [14] in all examples.
Consider the following program:

data Erk x y z where
K :: x -> y -> Erk x y Char

f (K x y) = x:y

When pattern matching over K x y we may make use of the fact
that z has type Char . Among others, function f can be given the
following set of types

f :: ∀tz.Erk [tz]
n [Char ]n+1 tz → [Char ]n+1

for any n ≥ 0. We write [t]n to denote a list of lists of . . . lists (depth
n) of t’s. Note it also has the type ∀tx, tz.Erk tx [tx] tz → [tx].
All these types are incomparable and there is no type which is more
general than any of the above types. Hence, each of the above
types is maximal. Hence, GADTs do not enjoy principal types
(i.e. unique maximal type). We cannot even hope for a complete
and decidable inference algorithm because the number of maximal
types that can be given to f is infinite.

The GADT type system is less well-behaved than the HM system in
another, more subtle way. From Hindley/Milner we are used that a
typing derivation is principal iff all its sub-derivations are principal.
This is the key to obtain a complete Hindley/Milner type inference
algorithm. In case of GADTs, this property is lost. Consider the
following variant of the above example:

data Erk x y z where
K :: x -> y -> Erk x y Char
L :: x -> y -> Erk x y Bool

g = let f (K x y) = x:y
f (L x y) = y

in f (L [True] [[’a’]])

Expression (L [True] [[’a’]]) has type

Erk [Bool ] [[Char ]] Bool

Function f can be given the type

∀tz.Erk [tz] [[Char ]] tz → [[Char ]]

which is maximal but not principal (see above). Hence, f (L
[True] [[’a’]]) has type [[Char ]]. Hence, the outermost ex-
pression g has the principal type [[Char ]]. The other maximal type
∀tx, tz.Erk tx [tx] tz → [tx] of f under which g type checks leads
to the same type.

2.2 Type Inference via Herbrand Constraint Abduction

The question is how to perform type inference for such expressive
type systems? The standard route towards type inference is to gen-
erate an appropriate set of constraints out of the program text which

are then solved by a domain-specific solver. Each solution corre-
sponds to a valid type. In case of the HM system, the constraint
domain to represent the typing problem consists of conjunctions
of type equations. This is also known as the Herbrand constraint
domain. Solving of Herbrand constraints is achieved via unifica-
tion [7].

GADTs demand a significant change to this process. To capture
the typing problem precisely, we need a richer set of implication
constraints. That is, formulas of the form D ⊃ C where ⊃ de-
notes Boolean implication and D and C are Herbrand constraints.
Constraints D arise from pattern matchings over GADTs and con-
straints C are the Hindley/Milner constraints arising from the pro-
gram text. In general, we may need conjunctions of D ⊃ C and
variables in the implication constraints may be universally or exis-
tentially quantified. How to generate such implication constraints
out of the program text is entirely standard [19].

In case of the first example from the previous section

data Erk x y z where
K :: x -> y -> Erk x y Char

f (K x y) = x:y

we generate the following implication constraint out of f’s program
text

tz = Char ⊃ ty = [tx]

where tx, ty and tz denote the types of respectively x, y and z.
The constraint tz = Char follows from the constraint on the
data constructor K in the definition of type Erk x y z. When
the argument of f matches this data constructor, we know that
this assumption constraint holds. The Hindley/Milner constraint
ty = [tx] results from the program text x:y by applying a standard
procedure such as algorithm W [12].

The approach in [19] takes the implication constraint itself as the
solution of the typing problem. Then, function f can be given the
type

∀tx, ty, tz.(tz = Char ⊃ ty = [tx])⇒ Erk tx ty tz → ty

This approach has two problems. Types become not understandable
and we yet have to check that the implication constraint is satisfi-
able which has non-elementary complexity [19].

In our approach, we perform type inference problem by solving
implication constraints in terms of the familiar Herbrand constraint
domain. For example, the constraint tx = [tz]

n ∧ ty = [Char ]n+1

is clearly a solution for any n ≥ 0. That is,

(tx = [tz]
n ∧ ty = [Char ]n+1) ⊃ (tz = Char ⊃ ty = [tx])

which is equivalent to

(tx = [tz]
n ∧ ty = [Char]n+1 ∧ tz = Char) ⊃ ty = [tx])

after applying the law that C1 ⊃ (C2 ⊃ C3) iff C1 ∧ C2 ⊃
C3. The last statement obviously holds. Each solution tx =
[tz]

n ∧ ty = [Char ]n+1 is maximal (i.e. there is no solution that
is more general) and corresponds to one of the maximal types
∀tz.Erk [tz]

n [Char ]n+1 tz → [Char ]n+1 which we have seen
before. Similarly, the maximal solution ty = [tx] corresponds to
the maximal type ∀tx, tz.Erk tx [tx] tz → [tx].

Let’s summarize. We perform type inference for GADTs by first
generating implication constraints out of the program text. Our idea
is to solve these implication constraints in terms of Herbrand con-
straints. That is, for each implication constraint F we infer some
S, which can be expressed in terms of Herbrand constraints, such
that S ⊃ F is a true statement. In such a situation, we say that S
is a solution of F . The process of solving implication constraints
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via Herbrand constraints is known as Herbrand constraint abduc-
tion [10, 13]. Each solution corresponds to a valid type and vice
versa. The problem with GADT type inference becomes clear now.
We may encounter too many maximal solutions (see above exam-
ple) and therefore too many maximal types.

2.3 The Key Idea: Intuitive Solutions

Our approach is to limit the set of solutions such that type inference
becomes tractable. The key idea is to accept only those solutions
which are not stronger than the combined assumption and Hind-
ley/Milner constraints. We call such solutions intuitive. For exam-
ple, ty = [tx] is an intuitive solution of tz = Char ⊃ ty = [tx].
We find that

tz = Char ∧ ty = [tx] ⊃ ty = [tx]

On the other hand, the solutions tx = [tz]
n ∧ ty = [Char ]n+1 are

non-intuitive because

tz = Char ∧ ty = [tx] 6⊃ tx = [z]n ∧ ty = [Char ]n+1

Our argument is that non-intuitive solutions require stronger as-
sumptions than intended by the programmer. Hence, we reject
them. Of course, the user may annotate her program with a non-
intuitive type (as long as the type is correct).

Intuitive solutions must satisfy some further sensible conditions.
We demand that the (1) the combination of the assumption and
Hindley/Milner constraints must be satisfiable and (2) the combi-
nation of a solution and the assumption must be satisfiable as well.
Otherwise, the “intuitive” GADT system accepts still too many
types. For example, consider the program

data Foo a = (a=Int) => I a
f (I x) = x && True

The above program text gives rise to a = Int ⊃ (a = Bool ∧ t =
Bool). We have that

(a = [Int ]n ∧ t = [Bool ]n) ⊃ (a = Int ⊃ (a = Bool ∧ t = Bool))

(a = Int ∧ a = Bool ∧ t = Bool) ⊃ (a = [Int ]n ∧ t = [Bool ]n)

for n ≥ 1. The first statement shows that a = [Int ]n∧t = [Bool ]n

is a solution and the second statement shows that solutions are
intuitive. These solutions are maximal. Hence, f has the infinite
set of maximal, intuitive types Foo [Int ]n → [Bool ]n for n ≥
1. Of course, these types are non-sensical because we can never
construct a value of type Foo [Int ]n . Notice that a = Int ∧ a =
Bool ∧ t = Bool is not satisfiable. Therefore, the above solutions
are non-sensical. As pointed out in [2], rejecting such non-sensical
programs is not an onerous restriction.

The important consequence is that for sensible solutions the set
of maximal, intuitive solutions is finite. Hence, type inference for
intuitive GADT programs is complete and decidable.

For example, consider the program.

data Erk a b where
I :: Int -> Erk Int b
B :: Bool -> Erk a Bool

f (I a) = x + 1
f (B b) = x && True

The program text gives rise to

tf = Erk a b → t∧
(a = Int ⊃ t = Int) ∧ (b = Bool ⊃ t = Bool)

The two implication constraints have two maximal intuitive solu-
tions each: t = a and t = Int for the former and t = b and

t = Bool for the latter. This yields four candidates for the overall
intuitive solution.

S1 ≡ t = a ∧ t = b
S2 ≡ t = a ∧ t = Bool
S3 ≡ t = Int ∧ t = b
S4 ≡ t = Int ∧ t = Bool

Clearly, S1 is the only maximal candidate among all combina-
tions. Hence the principal intuitive type of the function is f ::
∀t.Erk t t → t.

Previous GADT inference approaches [16, 15] fail here (unless we
provide a type annotation). In general, our method strictly improves
over these works for non-polymorphic recursive GADT programs.
For polymorphic recursive GADT programs, we demand type an-
notations to retain decidable inference [6]. Hence, the approaches
in [16, 15] and our approaches perform equally well in case of
(type-annotated) polymorphic recursive GADT programs. The ad-
vantage of our method is that we can support type error diagnosis
via Herbrand constraint abduction in case the type annotation and
the program text contradict each other. This is what we will discuss
next.

2.4 Type-Error Diagnosis

We consider two realistic GADT programs and sketch how our Her-
brand constraint abduction inference method can possibly support
type error diagnosis. First, we introduce a GADT declaration of a
List data type that records the length of the list.

-- singleton types
data Z -- zero
data S n -- successor

data List a n where
Nil :: List a Z
Cons :: a -> List a m -> List a (S m)

The constructors Z and S mimic natural numbers on the level
of types via the singleton types approach. The GADT List is
parameterized in an element type a and a parameter n recording
the length of the list.

Here is a program that uses the length information recorded in the
GADT List.

replace :: (a->a->Bool)->a->a->List a l->List a l
replace eq x y xs =
let f :: List a m -> List a m

f Nil = Nil
f (Cons z xs) = if (eq z x) then Cons y (f xs)

else Cons z (f xs)
in f xs

Function replace replaces all occurrences of the second by the
third argument in the input list. The first argument is the equality
testing function among types a. The type of replace guarantees
that the length of the list remains the same. For convenience, we
have defined a local function f to avoid passing around eq, x and
y. Function f uses a lexically scoped type annotation where the
element type a refers to replace’s annotation.

The above program text is type correct. For this it is crucial that
in the type annotation of replace and f variable a refers to the
same (element) type. Let’s assume that the programmer makes a
mistake and wrongly provides the annotation f::List b m ->
List b m instead of f::List a m -> List a m. The type of
f is now too polymorphic. The program text eq z x constrains
a = b assuming that x has type a and z has type b. However, a
and b are polymorphic variables. Hence, the program does not type
check.
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In our inference approach, we generate the following implication
constraint. For simplicity, we only consider the second function
clause of f and include on the right-hand side of ⊃ only the
constraints arising out of eq z x.

∀a, l.∀b, m, m′.(m = S m′ ⊃ a = b)

The left-hand side constraint m = S m′ arises from the pattern
match Cons z xs. Ignoring the universal quantifiers, a = b is
a maximal intuitive solution. Of course, this solution is not cor-
rect because we are not allowed to equate different polymorphic
variables, hence, f’s annotation is too polymorphic. The impor-
tant insight is that (the incorrect) solution provides important clues
how to fix the type error. By combining our GADT inference
method with our earlier work on type error reporting for Hind-
ley/Milner [20, 21], we can report to the user that a likely fix is
to replace b by a in the annotation of f, because this is enforced by
the program text eq z x.

In the above example, we had to fix the type annotation. In our next
example, the program text is the cause of the error. We refine the
type of the well-known append function. Our goal is to express
the property that appending two lists yields a list whose length is
the sum of the two input lists. We first introduce a GADT Sum to
represent (type) summation.

data Sum l m n where
Base :: Sum Z n n
Step :: Sum l m n -> Sum (S l) m (S n)

Effectively, a value of type Sum l m n represents a proof that n
is the sum of l and m. The append function therefore takes an
additional argument of this type to guarantee the above property.

append :: Sum l m n -> List a l -> List a m -> List a n
append Base Nil ys = Nil
append (Step p) (Cons x xs) ys = Cons x (append p xs ys)

Notice that the program text of the first clause contradicts the type
annotation. We wrongly return Nil where it should be ys. Hence,
the program does not type check.

Let’s take a look at the implication constraint arising from the above
program. As before, we focus only on the interesting program parts.

∀l, m, n, a.(m = n ∧ l = Z ⊃ n = Z)

Constraints m = n and l = Z arise from the pattern match over
Base and Nil and n = Z arises from returning Nil. Ignoring the
universal quantifiers, we find that m = Z is a maximal, intuitive
solution. This solution is obviously incorrect once we include the
universal quantifiers.

In this example, we are not interested in fixing the type annotation.
Replacing m by Z in append’s annotation allows to type check the
first clause but leads to a type check failure for the second clause.
The point here is that the (incorrect) solution m = Z tells us
that the program will type check if the second input list is empty.
Hence, we could insert a run-time test which provides “evidence”
for m = Z.

append :: Sum l m n -> List a l -> List a m -> List a n
append Base Nil ys = case ys of

Nil -> Nil
_ -> error "run-time error"

append (Step p) (Cons x xs) ys = Cons x (append p xs ys)

The program type checks now.

We conclude that Herbrand constraint abduction has the potential
to propose ways how to fix a type error in case type annotation and
program text contradict each other.

3. The GADT System
We define the formal underpinnings of the GADT type system.
First, we spell out some basic assumptions which are used through-
out the rest of the paper. Next, we describe the syntax of pro-
grams. Then, we define the GADT typing rules. In our formulation,
we support constraints explicitly, instead of representing them via
substitutions. We also support lexically scoped type annotations,
e.g. see the replace function from Section 2.4 where the nested
function f uses a lexically scoped type annotation. There are really
no surprises here. Similar forms of lexically scoped annotations can
be found elsewhere [16, 15]. Our constraint-based presentation of
the typing rules is based on [22]. We omit a description of the se-
mantic meaning and its type soundness proof which is a standard
exercise by now [19, 25].

3.1 Preliminaries

We write ō to denote a sequence of objects o1,. . . ,on. As it is
common, we write Γ to denote an environment consisting of a
sequence of type assignments x1 : σ1, . . . , xn : σn. Types σ
will be defined later. We commonly treat Γ as a set. We write
“−” to denote set subtraction. We write fv(o) to denote the set of
free variables in some object o with the exception that fv({x1 :
σ1, . . . , xn : σn}) denotes fv(σ1, . . . , σn). In case objects have
binders, e.g. ∀a, we assume that fv(∀a.o) = fv([b/a]o)−{b}where
b is a fresh variable and [b/a] a renaming.

We generally assume that the reader is familiar with the concepts
of substitutions, unifiers, most general unifiers (m.g.u.) etc [7] and
first-order logic [18]. We write [t/a] to denote the simultaneous
substitution of variables ai by types ti for i = 1, .., n. We use
common notation for Boolean conjunction (∧), implication (⊃) and
universal (∀) and existential quantifiers (∃). Sometimes, we abbre-
viate ∧ by “,” and use set notation for conjunction of formulae. We
sometimes use ∃̄V .Fml as a short-hand for ∃fv(Fml) − V.Fml
where Fml is some first-order formula and V a set of variables,
that is existential quantification of all variables in Fml apart from
V . We write |= to denote the model-theoretic entailment relation.
When writing logical statements we often leave (outermost) quan-
tifiers implicit. Let Fml1 and Fml2 be two formulae where Fml1
is closed (contains no free variables). Then, Fml 1 |= Fml2 is a
short-hand for Fml1 |= ∀fv(Fml2).Fml2 stating that in any (first-
order) model for Fml1 formula ∀fv(Fml2).Fml2 is satisfied. We
say Fml2 is satisfiable in Fml1 iff Fml1 |= ∃fv(Fml2 ).Fml2. In
case Fml1 is true we say Fml2 is satisfiable for short.

3.2 Expressions, Types and Constraints

The language of expressions, types and (Herbrand) constraints is as
follows.

Expressions e ::= K | x | λx.e | e e | let g = e in e |

let
g :: C ⇒ t
g = e

in e |
case e of
[pi → ei]i∈I

Patterns p ::= x | K x . . . x
Types t ::= a | t→ t | T t̄
Constraints C ::= t = t | C ∧ C
Type Schemes σ ::= t | ∀ᾱ.C ⇒ t

Expressions form the minimal core of a functional language such as
ML and Haskell. For simplicity, we omit (un-annotated) recursive
function definitions. Type-annotated functions may be recursive.
As mentioned, in our system annotations f::C=>t are lexically
scoped. In our syntax, annotations do not have explicit quantifiers.
Hence, variables appearing in those annotations cannot be renamed
without changing the programs meaning, and once introduced,
these variable names cannot be rebound. This is the assumption
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(Var-∀E)

(x : ∀ā.D ⇒ t′) ∈ Γ

|= C ⊃ [t/a]D

V, C, Γ ` x : [t/a]t′
(Abs)

V, C, Γ ∪ {x : t1} ` e : t2

V, C, Γ ` λx.e : t1 → t2
(App)

V, C, Γ ` e1 : t1 → t2
V, C, Γ ` e2 : t1

V, C, Γ ` e1e2 : t2

(Let)
V, C1, Γ ` e1 : t1 ā = fv(C1, t1)− fv(C2, Γ, V )

V, C2, Γ ∪ {g : ∀ā.C1 ⇒ t1} ` e2 : t2

V, C2, Γ ` let g = e1 in e2 : t2

(LetA)

ā = fv(C1, t1)− V

V ∪ ā, C2 ∧ C1, Γ ∪ {g : ∀ā.C1 ⇒ t1} ` e1 : t1
V, C2, Γ ∪ {g : ∀ā.C1 ⇒ t1} ` e2 : t2

V, C2, Γ ` let
g :: C1 ⇒ t1
g = e1

in e2 : t2

(Eq)
V, C, Γ ` e : t1
|= C ⊃ t1 = t2

V, C, Γ ` e : t2

(Case)
V, C, Γ ` e : t1

V, C, Γ ` pi → ei : t1 → t2 for i ∈ I

V, C, Γ ` case e of [pi → ei]i∈I : t2

(Pat)

p : t1 ` ∀b̄.(D Γp)

fv(V, C, Γ, t2) ∩ b̄ = ∅

V, C ∧D, Γ ∪ Γp ` e : t2

V, C, Γ ` p→ e : t1 → t2

(Pat-Var) x : t ` (True {x : t}) (Pat-K)
K : ∀ā, b̄.D ⇒ t1 → . . .→ tl → T ā b̄ ∩ ā = ∅

K x1 . . . xl : T t̄ ` ∀b̄.(D {x1 : t1, ..., xl : tl})

Figure 1. GADT Typing Rules

made in implementations such as GHC [5] and Chameleon [23].
We will explain the exact meaning of lexically scoped type annota-
tions shortly, see the upcoming typing rule (LetA).

Some readers may wonder about the (Herbrand) constraint compo-
nent C in a lexically scoped type annotation. In our presentation,
we allow for explicit Herbrand constraints in type schemes. Hence,
we can write annotations such as f :: List a m -> List a
m equivalently as f :: t = (List a m -> List a m) => t.
When presenting types to the user, we can of course simplify con-
straints (and type schemes) by building and applying the most gen-
eral unifier. But there is really no need to apply this “simplification”
in the formal presentation.

We assume that K refers to constructors of user-defined data types.
As usual patterns are assumed to be linear, i.e., each variable occurs
at most once. For simplicity, we ignore nested patterns such as
K1 (K2 x). They can be translated into a series of shallow patterns
by transforming nested patterns in a certain order, say left-to-right
as it is done in GHC [5]. In examples, we will use pattern matching
notation for convenience.

In our type language we assume that T t̄ refer to user-definable data
types. We use common Haskell notation for writing function, pair,
and list types etc. We generally use symbols S, C and D to refer
to Herbrand constraints, i.e. conjunctions of type equations. Type
schemes have an additional constraint component which allows
us to restrict the set of type instances. We often refer to a type
scheme as a type for short. Note that we consider ∀ā.t as a short-
hand for ∀ā.True ⇒ t where True denotes the always satisfiable
constraint, e.g. Int = Int .

We assume that data type declarations are preprocessed and the
types of their constructors are recorded in some initial environment
Γinit. In the GHC GADT notation, constraints are implicit. We
make these constraints explicit by turning the types of constructors
into a canonical form where the output has the shape T ā. For
example,

data List a n where
Nil :: List a Z
Cons :: a -> List a m -> List a (S m)

implies Nil : ∀a,n.(n = Z )⇒ List a n ∈ Γinit and Cons :
∀a, m.(n = S m) ⇒ a → List a m → List a n ∈ Γinit. The
output type of both constructors has the same shape List a n . Ef-
fectively, the constraints n = Z and n = S m represent the GADT
type refinement in constraint form. Notice that variable m does not
appear in the output type. We refer to such variables as abstract
variables. We are not allowed to make specific assumptions about
them during pattern matching, see the upcoming typing rule (Pat).

In general, for each source GHC GADT declaration

data T a1 ... am where
K :: t1’ -> ... -> tl’ -> T t1 ... tm

we assume K : ∀ā, b̄.(a1 = t1 ∧ ... ∧ am = tm) ⇒ t′1 → . . . →
t′l → T ā ∈ Γinit where ā ] b̄ = fv(t′1, . . . , t

′

l, t1, ..., tm). The
symbol ] stands for disjoint union. Variables b̄ are abstract. In case
the constraint component is trivial, i.e. True , GADTs correspond
to the form of algebraic data types [8] (a.k.a. (boxed) existential
types) known from Haskell and ML.

3.3 Typing Rules

Well-typing of expressions is specified in terms of judgments
V, C, Γ ` e : t where V refers to the set of lexically scoped
variables, C is a constraint, Γ refers to the set of lambda-bound
variables, predefined and user-defined functions, e is an expression
and t is a type. The set V plays a similar role for lexically scoped
type variables as Γ for lambda-bound variables. We say a judgment
is valid iff there is a derivation w.r.t. the rules found in Figure 1.
Each valid judgment implies that the expression is well-typed.

Let us take a look at the typing rules in detail. Rule (Var-∀E)
combines the rules for variable introduction and type instantiation.
We can build a type instance if we can verify that the instantiated
constraint is logically contained by the given constraint. Formally,
we write |= C ⊃ [t/a]D to denote that for any unifier φ of C we
have that φ([t/a]D) is satisfiable.

Rules (Abs) and (App) are straightforward. The quantifier introduc-
tion rule is coupled with the (Let) rule. This rule is mostly standard
with the exception that we additionally need to exclude type vari-
ables in scope from being bound. Further that the constraint C2

may be satisfiable although C1 is unsatisfiable, e.g. think of an un-
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typable let-definition e1 which is not used in e2. Our formulation
works fine under a non-strict semantics as is implemented in GHC.

Rule (LetA) deals with a lexically scoped annotation. Variables in
C1 ⇒ t1 may refer to variables appearing in some annotation from
the enclosing scope. These variables are recorded in V . Hence,
when building an explicitly quantified type scheme we only quan-
tify over variables which are not in C2, Γ and V . Our assumption
is that the scope of an annotation is the entire body of that dec-
laration. Hence, when typing the let-body e1 we extend V by the
newly introduced scoped variables. Variables in the annotation do
not scope over the let-body e2 (although the value definition does).
The inspiration for this form of annotation is taken from System F.
Note that rule (LetA) allows for polymorphic recursive functions
(for simplicity, we omit the rule to deal with monomorphic recur-
sive functions). We extend the environment with g : ∀ā.C1 ⇒ t1
when typing the function body. We illustrate the workings of lexi-
cally scoped annotations with an example.

Recall the earlier example

replace :: (a->a->Bool)->a->a->List a l->List a l
replace eq x y xs =
let f :: List a m -> List a m

f Nil = Nil
f (Cons z xs) = if (eq z x) then Cons y (f xs)

else Cons z (f xs)
in f xs

When typing function f we find variables a and l in V . Hence, we
only quantify over variable m. We type check f’s function body
with the assumption f : ∀m.List a m → List a m. This is
crucial to verify that f’s program text is (type) correct (note the
polymorphic recursive use of f). Furthermore, we can conclude that
f’s annotation is indeed correct. Hence, the overall program type
checks. It is interesting to point out there is no “closed” annotation
for f such that the program type checks.

There is a bit of design space when it comes to lexically scoped
type annotations. We refer the interested reader to [24].

In rule (Eq) we can change the type of expressions. The set C
of constraints may not necessarily be the same in all parts of the
program (see upcoming rule (Pat)). Therefore, this rule plays a
crucial role. Recall (parts) of the earlier example

data Sum l m n where
Base :: Sum Z n n

append :: Sum l m n -> List a l -> List a m -> List a n
append Base Nil ys = ys

The pattern match gives rise to m = m (from Base) and l = Z
(from Nil). Variable ys has type m. Hence, we can change the type
of ys to n. Thus, we can verify that append’s annotation is correct.

Rules (Case) and (Pat) deal with pattern matching. For conve-
nience, we consider p → e as a (special purpose) expression only
appearing in intermediate steps. In rule (Pat), we make use of an
auxiliary judgment p : t ` ∀b̄.(D Γp) to establish a relation
among pattern p of type t and the binding Γp of variables in p.
Constraint D arises from constructor uses in p. Abstract variables
b̄ are not allowed to escape which is captured by the side condition
fv(V, C, Γ, t2) ∩ b̄ = ∅. We type the body of the pattern clause un-
der the “local” type assumption D and environment Γp arising out
of p.

The rules for the auxiliary judgment are as follows. In rule (Pat-K)
we assume that variables ā and b̄ are fresh. Rule (Pat-Var) is
standard.

4. Type Inference Framework
We introduce an inference system where we generate implication
constraints out of the program text and solve them before building
type schemes at let statements. Our main result is that the infer-
ence system is equivalent w.r.t. the GADT type system from the
previous section. In essence, this result shows that GADT types are
solutions of implication constraints and vice versa. In the upcom-
ing Section 5, we make use of this result where we impose some
sensible restrictions on solutions such that the number of maximal
solutions is finite. Hence, type inference becomes tractable.

4.1 Implication Constraints

To express the typing problem we need the following richer domain
of implication constraints. This is a significant difference compared
to standard Hindley/Milner.

Constraints C ::= t = t | U t̄ | C ∧ C
ImpConstraints F ::= C | ∀b̄.(C ⊃ ∃ā.F ) | F ∧ F

Assumption constraints C on the left-hand side of the implication
symbol ⊃ represent local assumptions arising pattern matchings
and type annotations. Recall that type schemes may have a non-
trivial constraint component. On the the right-hand side, we may
find further implication constraints (due to nested case expressions
and type annotations) and Hindley/Milner constraints, i.e. those
constraints generated out of expressions following a standard pro-
cedure such as algorithm W [12]. Multiple pattern clauses gives rise
to conjunctions of implication constraints. Our syntax obviously
disallows multiple type annotations for a single definition. Univer-
sally quantified type variables refer to variables in type annotations
and abstract variables. Existentially quantified type variables be-
long to Hindley/Milner constraints.

The GADT type system only admits Herbrand constraints. solu-
tions of implication constraints to achieve type inference. We often
use symbol S to refer to solutions, i.e. Herbrand constraints.

DEFINITION 1 (Solutions). Let F be an implication constraint.
We say constraint S is a solution of F iff |= S ⊃ F . In such a
situation, we write S = solve(F ).

4.2 Inference Algorithm

Following [19, 27], we generate implication constraints out of the
program text. The actual algorithm is formulated in terms of a
deduction system which uses judgments of the form V, Γ, e `inf
(F t′) where the set V of lexically scoped type variables, environ-
ment Γ and expression e are input values and implication constraint
F and type t′ are output values For patterns we introduce an auxil-
iary judgment of the form p ` ∀b̄.(D Γ t) to compute the set of
abstract variables b̄, constraint D, environment Γ and type t arising
out of pattern p. The inference rules which are given in Figure 2.
The statement “t fresh” is meant to introduce a fresh type variable
t.

We briefly review the individual rules. Note that we write ≡ to
denote syntactic equality. In rules (Var) and (Pat-K) we assume
that the bound variables ā and b̄ are fresh. In rule (Pat) we make
use of the implication constraint ∀b̄.(D ⊃ ∃̄fv(Γ,V,b̄,te)

.Fe) which
states that under the temporary assumptions D arising out of the
pattern p we can satisfy the implication constraint Fe arising out
of e. The ∀ quantifier ensures that no abstract variables in b̄ es-
cape. The notation ∃̄fv(Γ,V,b̄,te)

.Fe is a short-hand for ∃ā.Fe where

ā = fv(Fe)− fv(Γ, V, b̄, te). That is, we existentially quantify over
all variables which are strictly local in Fe. Rule (∃Intro) performs
a similar simplification step and is assumed to be applied aggres-
sively, e.g. after each of inference step, to keep the set of “visi-
ble” variables in constraints small. In rule (LetA) we again make
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(Var)
(x : ∀ā.D ⇒ t) ∈ Γ

V, Γ, x `inf (D t)
(∃Intro)

V, Γ, e `inf (F t) ā = fv(F )− fv(V, Γ, t)

V, Γ, e `inf (∃ā.F t)

(App)

V, Γ, e1 `inf (F1 t1)

V, Γ, e2 `inf (F2 t2)

F ≡ F1 ∧ F2 ∧ t1 = t2 → t t fresh
V, Γ, e1 e2 `inf (F t)

(Abs)
a fresh

V, Γ ∪ {x : a}, e `inf (F t)

V, Γ, λx.e `inf (F a→ t)

(Let)

V, Γ, e1 `inf (F1 t1)

C1 = solve(F1 ) ā = fv(C1 , t1 )− fv(Γ ,V )

V, Γ ∪ {g : ∀ā.C1 ⇒ t1}, e2 `inf (F2 t2)

Γ, let g = e1 in e2 `inf (F2 t2)

(LetA)

ā = fv(C1, t1)− V

V ∪ ā, Γ ∪ {g : ∀ā.D1 ⇒ t1}, e1 `inf (F1 t′1)

V, Γ ∪ {g : ∀ā.D1 ⇒ t1}, e2 `inf (F2 t2)

F ≡ F2 ∧ ∀ā.(D1 ⊃ ∃̄fv(Γ,V,t1)
.F1 ∧ t1 = t′1)

V, Γ, let
g :: D1 ⇒ t1
g = e1

in e2 `inf (F t2)

(Case)

V, Γ, pi → ei `inf (Fi t′i) for i ∈ I

V, Γ, e `inf (Fe te) t1, t2 fresh
F ≡ Fe ∧ t1 = te → t2 ∧

V

i∈I
(Fi ∧ t1 = t′i)

V, Γ, case e of [pi → ei]i∈I `inf (F t2)

(Pat)

p ` ∀b̄.(D Γp t1)

V, Γ ∪ Γp, e `inf (Fe te) t fresh
F ≡ ∀b̄.(D ⊃ ∃̄fv(Γ,V,b̄,te)

.Fe) ∧ t = t1 → te

V, Γ, p→ e `inf (F t)

(Pat-Var)
t fresh

x ` (True {x : t} t)
(Pat-K)

K : ∀ā, b̄.D ⇒ t1 → ...→ tl → T ā b̄ ∩ ā = ∅

K x1...xl ` ∀b̄.(D {x1 : t1, ..., xl : tl} T ā)

Figure 2. Translation to Implication Constraints

use of implication constraints to represent the subsumption prob-
lem among two type schemes. To make the annotation constraints
available in sub-expressions of e1, the standard method is to “push”
down the constraint the abstract syntax tree. We could so by for ex-
ample applying our own method described in [24]. However, we
avoid such a treatment here to keep the presentation simple. In rule
(Let) we need to solve implication constraints before we can build
the type scheme.

4.3 Soundness and Completeness

We compare our inference algorithm against the GADT type sys-
tem.

In our first result, we state that any inference derivation can be
turned into a typing derivation if we have a solution.

THEOREM 1 (Soundness of `inf ). Let Γ be an environment, e an
expression, F an implication constraints and t a type such that
Γ, e `inf (F t). Let C be a solution of ∃̄fv(Γ,t)

.F . Then C, Γ `
e : t.

We also obtain completeness. For each typing derivation we find
an inference derivation where the constraint in the final judgment
of the typing derivation is a solution

THEOREM 2 (Completeness of `inf ). Let Γ be an environment, e
an expression, C a constraint and t a type such that C, Γ ` e : t.
Then, there exists F and t′ such that Γ, e `inf (F t′) and C is a
solution of ∃̄fv(C,t)

.(F ∧ t = t′).

In summary, the above results show that the GADT type system is
equivalent w.r.t. the inference system. We define

GADT = {(Γ, e) | ∃C, t. C, Γ ` e : t}
IS = {(Γ, e) | ∃F, t. Γ, e `inf (F t) and F has a solution}

COROLLARY 1. We have that GADT = IS.

From Section 2.1, we know that the GADT type system does nei-
ther enjoy principal types, nor is the set of maximal types finite.
Based on the above corollary this translates to the GADT inference
system as follows: Implication constraints do neither enjoy prin-
cipal solutions, nor is the set of maximal solutions finite. We yet
have to formally define principality and maximality for solutions
and types. This is what we consider next.

4.4 Maximality and Principality

First, we introduce the notion of maximally general solutions
(mgs). Such solutions imply maximal types.

DEFINITION 2 (Maximally General Solutions). Let F be an im-
plication constraint and S a constraint. A maximally general so-
lution (or maximal for short) S of F is a solution of F such that no
more general solution S′ exists:

∀S′ : if |= S ⊃ S′ and S′ is a solution of F then |= S′ ⊃ S

In case, we interpret ⊃ as ≤, the above says that whenever S ≤ S ′

then S′ ≤ S. This is exactly what we expect from a maximal
solution.

We define a comparison relation among types (and constraints to
be precise due to the constraint-based nature of the GADT type
system) w.r.t. a type environment and expression.

DEFINITION 3. We define (C1, Γ ` e : t1) ≥ (C2, Γ ` e : t2) iff
|= C2 ∧ t1 = t2 ⊃ C1. In such a situation we say that (C1, t1) is
more general than (C2, t2) w.r.t. environment Γ and expression e.
We say (C1, t1) is principal (most general) w.r.t. Γ and e if (C1, t1)
is more general than any other (C2, t2) w.r.t. Γ and e.

The above generalizes a similar definition found for Hindley/Milner
which states that Γ `HM e : t1 ≥ Γ `HM e : t2 iff φ(t1) = t2
for some substitution φ.
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It is straightforward to verify that maximal solutions imply maxi-
mal types. The converse holds as well but we omit a formalization.
W.l.o.g., we normalize judgments. Notice that C, Γ ` e : t iff
C ∧ t = a, Γ ` e : a where a is fresh.

LEMMA 1 (Maximal Types). Let Γ, e `inf (F t) such that S is
a maximally general solution of F . Let C, Γ ` e : t such that
(C, Γ ` e : t) ≥ (S, Γ ` e : t). Then, |= C ⊃ S, or equivalently
(S, Γ ` e : t) ≥ (C, Γ ` e : t).

A solution is principal if it is the only maximal solution.

DEFINITION 4 (Principal Solutions). Let F be an implication
constraint and S a constraint. We say S is a principal solution
iff (1) S is a solution, and (2) for any other solution S ′ we have
that |= S′ ⊃ S

Principal solutions imply principal types.

LEMMA 2 (Principal Types). Let Γ, e `inf (F t) such that S is a
principal solution of F . Then (S, t) is the principal w.r.t Γ and e.

5. The Intuitive GADT System
This section introduces the most important formal details and re-
sults of the intuitive GADT system. Due to space restrictions, we
omit the definitions of the formal typing and inference rules and
only focus on the definition of solutions which is central to our
inference approach. In our system, valid types are represented by
valid solutions. As mentioned earlier in Section 2, we must reject
non-sensical, non-intuitive solutions to guarantee complete and de-
cidable GADT type inference. In order to define intuitive solutions,
we first introduce sensible solutions. The definitions below are in-
spired by definitions found in [10].

5.1 Solutions

To express the typing problem we need the following richer domain
of implication constraints.

Constraints C ::= t = t | U t̄ | C ∧ C
ImpConstraints F ::= C | ∀b̄.(C ⊃ ∃ā.F ) | F ∧ F

The GADT system only admits Herbrand constraints as solutions
of implication constraints to achieve type inference. We often use
symbol S to refer to solutions, i.e. Herbrand constraints.

DEFINITION 5 (Solutions). Let F be an implication constraint.
We say constraint S is a solution of F iff |= S ⊃ F .

5.2 Sensible Solutions

We strengthen the definitions of allowed solutions. For this pur-
pose, we assume constraints in a normalized form:

LEMMA 3 (Normalization). Each implication constraint F can be
equivalently represented by

C0 ∧Q.((D1 ⊃ C1) ∧ . . . ∧ (Dn ⊃ Cn))

whereQ is a mixed prefix of the form ∃b0.∀a1.∃b1 . . . ∀an.∃bn.

The idea of these normalization steps is to achieve convenient
canonical normal form of implication constraints for the upcom-
ing definitions. In the normal form, only the variables in C0 are
free. Our goal is to find solutions (in terms of types) to these vari-
ables, but not just any solutions. Non-sensical types may threaten
complete and decidable type inference.

Therefore, we refine the definition of solutions.

DEFINITION 6 (Sensible Solutions). Let F be an implication con-
straint, C0 ∧ Q.((D1 ⊃ C1) ∧ . . . ∧ (Dn ⊃ Cn)) its normalized
form such that (1) C0∧Q.(Di∧Ci) is satisfiable for i = 1, . . . , n
(in case n = 0 we demand that C0 is satisfiable). We say constraint
S is a sensible solution of F iff

(2) S ∧ C0 ∧ Q.Di is satisfiable for i = 1, . . . , n (in case n = 0,
we demand that S ∧ C0 is satisfiable),

(3) |= S ∧ C0 ∧Q.Di ⊃ Q.(Di ∧ Ci) for i = 1, . . . , n, and

(4) |= S ⊃ F .

Conditions (1) and (2) have been motivated in Section 2.3 but are
now stated for the general case which includes C0 and quanti-
fiersQ.

Condition (3) we have not seen so far. The motivation behind this
condition is to ensure that a case branch body is consistent for every
possible instantiated type that satisfies the case pattern. Consider
the following example:

data T a b where
K :: a -> T a a

f u = ((\w -> case w of K x -> x + (1::Int)) (K u),
(\w -> case w of K x -> x && True) (K u))

yields (simplified)

tf = tu → (t1, t2)∧
∃tx.(tx = tu ⊃ (tx = Int ∧ t1 = Int))∧
∃tx.(tx = tu ⊃ (tx = Bool ∧ t2 = Bool))

The solution t1 = Int ∧ t2 = Bool satisfies condition (2). The first
branch is satisfiable

t1 = Int ∧ t2 = Bool ∧ tf = tu → (t1, t2)∧
∃tx.(tx = tu ∧ tx = Int ∧ t1 = Int)

by taking tx = Int , tu = Int and tf = Int → (Int ,Bool).
Similarly, we can verify the second branch by taking tx = Bool ,
tu = Bool and tf = Bool → (Int ,Bool). We can also verify that
condition (1) and (4) are satisfied. Though, t1 = Int ∧ t2 = Bool
is not a sensible solution because variable u is in the first branch
constrained by Int and in the second branch constrained by Bool.
Indeed, t1 = Int ∧ t2 = Bool does not satisfy condition (3).

From now on, we assume that all solutions are sensible.

5.3 Intuitive Types yield Tractable Type Inference

Finally, we give the key definitions behind the intuitive GADT
system. Notice that there is a mutual dependency between the two
up-coming definitions. We require that each intuitive solution must
be built in terms of fully maximally general solutions (fms) and
each fully maximally general solution must be maximally general
among all intuitive solutions.

DEFINITION 7 (Fully Maximally General Solutions). Let F be an
implication constraint, C0 ∧ Q.((D1 ⊃ C1) ∧ . . . ∧ (Dn ⊃ Cn))
its normalized form and S a constraint. We say that S is a fully
maximally general solution of F iff S is a sensible, maximally
general solution among all intuitive solutions of F and

• if F has the normalized formQ.(D ⊃ C) then |= S ∧Q.D ↔
Q.(D ∧ C).

• if F has the normalized form C0∧Q.((D1 ⊃ C1)∧. . .∧(Dn ⊃
Cn)) where n ≥ 0 then S = C0 ∧ S1 ∧ . . . ∧ Sn where
Si is a fully maximally general solution of Q.(Di ⊃ Ci) for
i = 1, . . . , n.

The condition in the first (base) case is motivated in Section 2.3.
We restrict our attention to solutions which can be constructed
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from the constraints arising out of the program text combined with
the assumption constraints arising from pattern matchings or type
annotations.

The second case deals with multiple branches. Recall the program
from Section 2.3.

data Erk a b where
I :: Int -> Erk Int b
B :: Bool -> Erk a Bool

f (I a) = x + 1
f (B b) = x && True

From function f’s program text we obtain the (simplified) implica-
tion constraint (a = Int ⊃ t = Int) ∧ (b = Bool ⊃ t = Bool).
The first implication has the fms t = a and the second implica-
tion has the fms t = b. The combination t = a ∧ t = b is a
solution and therefore according to Definition 7 intuitive. Hence,
f :: ∀a.Erk a a → a is an intuitive type.

Notice though that t = a ∧ t = b is not an fms for either
of the two implications. Definition 7 does not require that the
combination of the fms for each individual implication remains an
fms. Such a requirement seems too restrictive. We seek to accept
as many programs as possible, as long as we can guarantee that
their solutions can be described in terms of fms from the (base)
implication constraints C0 ∧ Q.(D ⊃ C).

DEFINITION 8 (Intuitive Solutions). We say that S is an intuitive
solution of an implication constraint F iff S is a sensible solution
and for some fully maximally general solution S ′ of F and substi-
tution φ we have that φ(S′) ≡ S.

Here comes the all important result.

THEOREM 3. The set of maximal, intuitive solutions for an impli-
cation constraints is finite.

Thus, we can conclude the following.

COROLLARY 2 (Complete and Decidable Intuitive Type Inference).
We achieve complete and decidable type inference for intuitive
GADT programs.

5.3.1 Properties

Besides finite maximal, intuitive solutions, the intuitive GADT
system enjoys three further important properties.

The intuitive GADT system is a conservative extension of the
Hindley/Milner system. We refer to a Hindley/Milner program as
a program which only makes use of “conventional” algebraic data
types, i.e. the constraint component of constructors is True in our
internal representation. The implication constraints arising from
Hindley/Milner programs can be normalized to the form Q.C and
then we immediately obtain the following result.

LEMMA 4 (Conservative HM Extension). Implication constraints
arising from Hindley/Milner programs either have an intuitive so-
lution or no satisfiable solution exists at all.

We can also guarantee that an intuitive GADT program remains in-
tuitive if we augment the program with “correct” type annotations.
By correct we mean that the types provided by the programmer do
not contradict the program text (i.e. the sensible condition (1) in
Definition 6 is satisfied). For convenience, we state the result for a
simplified case.

LEMMA 5 (Stable Intuitive Solutions). Let ∀ā.D ⊃ C be an im-
plication constraint with an intuitive solution. Let D′ be a con-
straint and b̄ some sequence of type variables such that ∀ā, b̄.D ∧
D′ ∧ C is satisfiable. Then, ∀ā, b̄.(D ∧D′) ⊃ C has an intuitive
solution.

The approaches in [16, 15] do not enjoy this property. Adding a
correct type annotation to a type correct program in [15] may lead
to inference failure. Similar issues arise in [16]. We refer to [15] for
a discussion.

The final important property of the intuitive system is that it retains
principal types.

LEMMA 6 (Retaining Principal Types). If the implication con-
straint F has an intuitive solution, then every principal solution
is also intuitive.

The above guarantees that if a program (and all its sub-expressions)
has a principal type and the program is intuitive, then our intuitive
GADT type inference strategy will find this type.

6. Intuitive GADT Inference Algorithm
In this section we present an inference algorithm for the intuitive
GADT system. It is a proof of concept for now, essentially brute-
force in nature. More efficient approaches are future work.

6.1 Algorithm Outline

Before we go into the details we first present a highlevel outline of
the algorithm.

First the implicication constraints are extracted from the program
text according to the rules of Figure 2. Next, we normalize them to
the form

C0 ∧Q.((C1 ⊃ Di) ∧ . . . ∧ (Cn ⊃ Dn))

as described in Lemma 3.

Now we consider the implication constraints Q.(Ci ⊃ Di) sep-
arately and compute all their respective fms. Section 6.2 provides
the detailed procedure for this task.

We combine all the individual fms, taking one candidate from every
implication constraint, in all possible combinations. From this set
of overall candidates we obtain the actual set of overall fms by
enforcing the sensible solution conditions. We only retain those
candidates that satisfy conditions (1) and (2) of Definition 6. It
is not necessary to consider conditions (3) and (4) as these are
ensured by construction and by the other tests. Finally, we drop the
remaining candidates that are implied by others. That is, we keep
only those which are maximal.

An example of the application of this algorithm was already given
in the example at the end of Section 2.3.

6.2 Individual FMS Computation

Let Sij be the jth fms ofQ.(Ci ⊃ Di). then we have by definition
that:

Sij ∧Q.Ci ↔ Q.Ci ∧Di (6.1)

We apply two normalizations to the quantified formulas Q.Ci and
Q.Ci ∧Di:

1. We eliminate universal quantifiers.

2. We bring the Herbrand constraints in normal form.

Universal Quantifier Elimination For the first we introduce the
elim function.

DEFINITION 9 (Quantifier Elimination).
The function elim removes all universal quantifiers from a conjunc-
tion of equations over variables xi, i = 1 . . . , n in solved form,
where any equation xi = xj is such i > j. Let Q be a quantifier
prefix over variables xi, k ≤ i ≤ n where the variables are quanti-
fied in order of subscript, e.g. ∀xk.∃xk+1.∃xk+2.∀xk+3. . . . ∃xn.
The elim function definition is given in Figure 3.
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elim(Q.F )
ifQ is empty return F
ifQ ≡ Q1.Qxj .Q2 where Q ∈ {∀, ∃} and xj 6∈ fv(F )

return elim(Q1.Q2.F )
let F ≡ xi = t ∧ F ′ where xi is the variable with

largest subscript on the left hand side.
if (∀xi) ∈ Q return false
if (∃xi) 6∈ Q

let X ≡ fv(t) ∩Q
if (∀xk) ∈ Q for some xk ∈ X return false
letQ′ beQ with quantifiers for variables in X removed
return ∃X.xi = t ∧ elim(Q′.F ′)

else
letQ ≡ Q1.∃xi.Q2

let X ≡ fv(t) ∩ {xi+1 . . . xn}
if (∀xk) ∈ Q2 for some xk ∈ X return false
letQ2b beQ2 with quantifiers for variables in X removed
return elim(Q1.∃X.Q2b.F

′)

Figure 3. The elim function

The elim function can be seen as a special case of the quantifier
elimination procedure of [9] for arbitrary formulae involving term
equations. elim guarantees an existentially quantified term equa-
tions as result, where as the procedure of [9] may include negations
of existentially quantified term equations.

THEOREM 4. Let F be a conjunction of equations over variables
xi, i = 1 . . . , n in solved form, where any equation xi = xj is
such i > j. Let Q be a quantifier prefix over variables xi, k ≤
i ≤ n where the variables are quantified in order of subscript,
e.g. ∀xk.∃xk+1.∃xk+2.∀xk+3. . . . ∃xn. Then elim(Q.F )↔ Q.F
and elim(Q.F ) is an existentially quantified conjunction of equa-
tions or false .

PROOF. We show that all the transformations are logically correct.

Q1.Qxi.Q2.F ↔ Q1.Q∈.F where Q ∈ {∀, ∃} and xi 6∈ fv(F ).

Q1.∀xi.Q2.xi = t ∧ F ↔ false. Suppose t is a non-
variable term, then clearly ∀xi.Q2.xi = t is equivalent to false,
since some values of xi cannot equal this term regardless of values
of other variables. If t = xj then j < i and hence we have
Q1 ≡ Q1a.Qxj .Q1b where Q ∈ {∀, ∃}. Clearly in either case
the formula is equivalent to false, since for fixed xj value it cannot
be the case that all values of xi = xj .

We denote by t[xj ] a term t that contains the variable xj .

Q1.∃xi.Q2.∀xj .Q3.xi = t[xj ] ∧ F ↔ false Consider
∃xi.∀xj .xi = t[xj ] then since any value of xi fixes the value of
xj or causes the equation to be unsatisfiable, this is equivalent to
false.

We denote by t[X] a term t that contains (among others) the set of
variables X .

Q1.∃xi.Q2.xi = t[X]∧F ↔ Q1.∃X.Q2F . where the variable
X ⊂ fv(t) with subscript greater than i appear existentially in Q2,
andQ2b isQ2, with these variables removed.

Q1.∃xi.Q2a∀xj .∃Y.xi = t[X] ∧ F
↔ Q1.∃xi.Q2a∀xj .∃X

′.xi = t[X] ∧ ∃X ′′.F
where X ′ = X ∩ Y , X ′′ = X −X ′

↔ Q1.∃xi.Q2a¬∃xj .¬∃X
′.xi = t[X] ∧ ∃X ′′.F

↔ Q1.∃xi.Q2a¬∃xj .(¬∃X
′.xi = t[X])

∨(∃X ′.xi = t[X] ∧ ¬∃X ′′.F )
by ¬(∃Y.x = t[Y ] ∧B)

↔ (¬∃Y.x = t[Y ]) ∨ ∃Y.x = t[Y ] ∧ ¬B)
↔ Q1.∃xi.Q2a¬((¬∃X ′.xi = t[X])

∨(∃X ′.xi = t[X] ∧ ∃xj .¬∃X
′′.F ))

since xj does not appear in xi = t[X]
↔ Q1.∃xi.Q2a∃X

′.xi = t[X]
∧(¬∃X ′.xi = t[X] ∨ ∀xj .∃X

′′.F )
↔ Q1.∃xi.Q2a∃X

′.xi = t[X] ∧ ∀xj .∃X
′′.F

We can repeatedly apply this transformation to move the existen-
tial quantifiers for variables in X outside universal quantifiers. Ei-
ther we reach ∃xi where we can remove the equation because
Q.∃xi.xi = t ∧ F ′ ↔ Q.F ′ since xi does not occur in F
since the equations are in solved form. Or we escape all universal
quantifiers and we have ∃X.xi = t ∧Q− {∃X}.F ′.

Let us illustrate the use of the elim function on a small example.
Consider the following program fragment:

data T a = forall b c. a = [b] => K a c

f (K x y) = length x

which gives rise to the following implication constraint:

τf = T τ1 → τ2∧∃σ1∀σ2∃σ3.(τ1 = [σ1] ⊃ τ1 = [σ3]∧τ2 = Int)

where length has signature ∀ t. [t] -> Int. Let us apply the
elimination function toQ.(C ∧D):

elim(∃σ1∀σ2∃σ3.(τ1 = [σ1] ∧ τ1 = [σ3] ∧ τ2 = Int))
= elim(∃σ1∃σ3.(τ1 = [σ1] ∧ τ1 = [σ3] ∧ τ2 = Int))
= ∃σ1.τ1 = [σ1] ∧ elim(∃σ3.(τ1 = [σ3] ∧ τ2 = Int))
= ∃σ1.τ1 = [σ1] ∧ ∃σ3.τ1 = [σ3] ∧ elim(τ2 = Int)
= ∃σ1.τ1 = [σ1] ∧ ∃σ3.τ1 = [σ3] ∧ τ2 = Int

Herbrand Solved Form In the second normalization, we bring
the existentially quantified constraint in Herbrand solved form:

∃ȳ
^

i

xi = ti

where the variables xi are distinct, disjoint from ȳ and do not
appear in any ti. A unification algorithm to compute the solved
form was sketched by Herbrand and further refined in [11].

Turning the running example into Herbrand solved form we get:

∃σ1.τ1 = [σ1] ∧ τ2 = Int

i.e. ∃σ3.τ1 = [σ3] is redundant.

Fully Maximally General Solutions After the two normalization
steps, formula 6.1 becomes:

Sij ∧ ∃ȳ
^

i

xi = ti ↔ ∃ū
^

j

vj = sj (6.2)

This equation is in a suitable form for being solved by Maher’s al-
gorithm for finding fully maximally general answers (fma) of Her-
brand implication constraints. The definition of fma [10] exactly
coincides with our definition of fms for the individual branch. In
the following we formulate Maher’s algorithm.

First we start of with some preliminaries. The term positions p of a
(Hebrand term) t are ε and, if t’s toplevel function symbol has arity
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n, then, for every term position q of t’s ith argument (1 ≤ i ≤ n),
i.q are also term positions. We write pos(t) to denote the set of all
term positions of t. A term position p of t can be used to retrieve a
subterm of t with the function pos:

pos(ε, t) = t
pos(i.p, f(t1, . . . , tn), s) = pos(p, ti)

In terms of this function we define:

samepos(t) = {P ⊆ pos(t) | ∀p, q ∈ P : pos(p, t) ≡ pos(q, t)}

We define the intersection P u Q of two sets of term positions
P, Q ⊂ pos(t) as {p ∈ P | ∃q ∈ Q, r : q ≡ p.r} ∪ {q ∈ Q |
∃p ∈ P, r : p ≡ q.r}.

Now we can define the notion of substitution as

subst(ε, t, s) = s
subst(i.p, f(t1, . . . , tn), s) = f(t1, . . . , subst(p, ti, s), . . . , tn)

and extend it over a set of mutually disjoint term positions {p1, . . . , pn},
i.e. ∀i, j : i 6= j ⇒ {pi} t {pj} = ∅, as follows:

subst({p1, . . . , pn}, t, s) = subst(pn, . . . , subst(p2, subst(p1, t, s), s), . . . , s)

The following algorithm generates a superset of all fms.

Algorithm 1 Implication constraint solver

B ←
V

i
xi = ti

E ←
V

j
vj = sj

A← E
P ← samepos(A)
while ∃S ∈ P, V : subst(S, A, V ) ∧B ↔ E do

choose S ∈ P
V ← new variable
A← subst(S, A, V )
if A ∧B 6⊃ E then

backtrack
end if
P ← {T ∈ P | ∀p, q ∈ T : pos(p, A) ≡ pos(q, A)} \ {S}

end while
return A

To obtain the fms, we reject all A that are not maximal, i.e. that are
implied by some other A.

Consider again the last example of Section 2.3. One of the two
implication constraints is a = Int ⊃ t = Int . After normalization
(which is trivial), we get B ← a = Int and E, A← a = Int∧t =
Int . The set P initially contains the empty set, all singleton sets and
one binary set:

P ← {∅, {1.1.ε}, {1.2.ε}, {2.1.ε}, {2.2.ε}, {1.2.ε, 2.2.ε}}

The empty set ∅ has no effect at all; so we immediately leave it out
of consideration.

1. Choosing {1.1.ε} we get: A ← v1 = Int ∧ t = Int and
P ← {{1.2.ε}, {2.1.ε}, {2.2.ε}, {1.2.ε, 2.2.ε}}.

(a) Choosing {1.2.ε} we get: A ← v1 = v2 ∧ t = Int and
P ← {{2.1.ε}, {2.2.ε}}. Now there is no more position
that we can substitute, without violating the implication.
Hence our candidate solution is ∃v1, v2.(v1 = v2 ∧ t =
Int), or normalized t = Int .

(b) Choosing {2.1.ε}, the implication is violated.

(c) Choosing {2.2.ε}, the implication is violated.

(d) Choosing {1.2.ε, 2.2.ε}, the implication is violated.

2. Choosing {1.2.ε} we get a similar single candidate solution
t = Int .

3. Choosing {2.1.ε}, the implication is violated.

4. Choosing {2.2.ε}, the implication is violated.

5. Choosing {1.2.ε, 2.2.ε} we get: A ← a = v1 ∧ t = v1 and
P ← {{1.1.ε}, {2.1.ε}}. Now there is no more position that
we can substitute, without violating the implication. Hence our
candidate solution is ∃v1.(a = v1 ∧ t = v1), which can be
written a = t.

Hence, we have two candidate fms t = Int and a = t. Neither of
these is more general than the other, hence both are actual fms.

7. Conclusion and Future Work
We have shown the incompleteness and undecidability of the gen-
eral GADT inference problem. We have given a new perspective on
type inference for GADTs by combining two well-established con-
cepts: First generating implication constraints out of the program
text and then solving these implication constraints via constraint
abduction. Type inference becomes tractable if we limit the set of
allowable solutions, i.e. solutions must be intuitive. We have ex-
plored applications of our inference method to support type error
diagnosis.

There is lots of future work ahead. We are currently working on
a precise comparison to [19, 16, 15]. We also plan to improve our
brute-force implication solver algorithm. Results in [10] imply that
the set of maximal, intuitive solutions may be exponential (for a
single implication constraint branch). But combining the results
of multiple branches will eliminate many solutions. Hence, we
expect that a more clever algorithm will behave well in practice.
In another direction, we intend to combine our inference method
with Henglein’s extended occurs check algorithm to alleviate the
need to annotate polymorphic recursive programs.
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