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Abstract
In this report, we investigate the truncated multilinear singu-

lar value decomposition (MLSVD), proposed in De Lathauwer et
al. (2000). Truncating the MLSVD results in an approximation,
with a prescribed multilinear rank, to a tensor. We present a new
error expression for an approximate Tucker decomposition with or-
thogonal factor matrices. From this expression, new insights are
obtained which lead us to propose a novel non-iterative algorithm,
the sequentially truncated multilinear singular value decomposition
(ST-MLSVD). It has several characteristics which make it a suitable
replacement for the standard T-MLSVD. In absence of truncation,
the ST-MLSVD computes the MLSVD. The approximation error can
be characterized exactly in terms of some discarded singular values.
Furthermore, the error bound of the T-MLSVD also holds for the
ST-MLSVD. The approximation error of the ST-MLSVD is prov-
ably better than the T-MLSVD for some tensors. Unfortunately, it
is not always better than the T-MLSVD. Therefore, we demonstrate
numerically that the ST-MLSVD approximation often outperforms
the T-MLSVD. A convincing example from image denoising is pre-
sented. The ST-MLSVD algorithm is much more efficient in compu-
tation time than the T-MLSVD algorithm by De Lathauwer et al.
It can attain speedups over the latter algorithm, proportional to the
order of the tensor, in the case of a rank-1 approximation.

Keywords : tensor, sequentially truncated multilinear singular value decom-
position, higher-order singular value decomposition, multilinear orthogonal pro-
jection
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ON THE TRUNCATED MULTILINEAR SINGULAR VALUE
DECOMPOSITION†

NICK VANNIEUWENHOVEN‡§ , RAF VANDEBRIL§ , AND KARL MEERBERGEN§

Abstract. In this report, we investigate the truncated multilinear singular value decomposition
(MLSVD), as presented in [L. De Lathauwer, B. De Moor and J. Vandewalle, a multilinear singu-
lar value decomposition, 2000]. The MLSVD comprises a Tucker decomposition [L.R. Tucker, some
mathematical notes on three-mode factor analysis, 1966] with orthogonal factor matrices. Truncating
the MLSVD results in an approximation, with a prescribed multilinear rank, to a tensor. We present
a new error expression for an approximate Tucker decomposition with orthogonal factor matrices.
From this expression, new insights are obtained which lead us to propose a novel non-iterative al-
gorithm, the sequentially truncated multilinear singular value decomposition (ST-MLSVD). It has
several characteristics which make it a suitable replacement for the standard T-MLSVD. In absence
of truncation, the ST-MLSVD computes the MLSVD. The approximation error can be characterized
exactly in terms of some discarded singular values. Furthermore, the error bound of the T-MLSVD,
proposed by De Lathauwer et al., also holds for the ST-MLSVD. The approximation error of the
ST-MLSVD is provably better than the T-MLSVD for some tensors. Unfortunately, it is not always
better than the T-MLSVD. Therefore, we demonstrate numerically that the ST-MLSVD approxima-
tion often outperforms the T-MLSVD. A convincing example from image denoising is presented. The
ST-MLSVD algorithm is much more efficient in computation time than the T-MLSVD algorithm by
De Lathauwer et al. It can attain speedups over the latter algorithm, proportional to the order of
the tensor, in the case of a rank-1 approximation.

Key words. tensor, sequentially truncated multilinear singular value decomposition, higher-
order singular value decomposition, multilinear orthogonal projection

AMS subject classifications. 15A03, 15A69, 15A72, 65F99, 65Y20

1. Introduction. In this paper, we seek a good rank-(r1, r2, . . . , rd) approxima-
tion to the order-d tensorA ∈ Rn1×n2×···×nd , using only tools from standard numerical
linear algebra. Formally, we are interested in an approximate solution to

min
U1,U2,...,Ud

‖A − (U1U
T
1 , U2U

T
2 , . . . , UdU

T
d ) · A‖2F , (1.1)

wherein Uk ∈ Rnk×rk , 1 ≤ k ≤ d, has orthonormal columns. Uk is called a factor
matrix.

Traditionally, the problem of approximating the solution of Eq. (1.1) has been
addressed by the (truncated) higher-order singular value decomposition (T-HOSVD),
or multilinear singular value decomposition (T-MLSVD) [5, 16]. The T-MLSVD is
one of the core algorithms in tensor approximation. It has been applied to several
practical problems, such as handwritten digit classification [19] and analysis of image
ensembles [24]. We refer to Kolda’s survey article [16] and the references therein.

In this paper, we are interested in the approximation from a theoretical perspec-
tive. The T-MLSVD is a core building block algorithm. It can be used to approximate
the best rank-1 approximation to a tensor [20]. Often, the T-MLSVD is employed
to initialize iterative algorithms to compute the best rank-1 approximation [3, 25]
or best approximation of a specified multilinear rank [6, 10, 14]. It is also a build-
ing block for other tensor decompositions. The hierarchical Tucker decomposition

†A shorter and modified version of this technical report has been submitted to SIAM Journal on
Matrix Analysis and Applications.
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of Grasedyck [13], for instance, requires, in essence, the computation of several T-
MLSVDs. The Tucker-Tree decomposition of Oseledets and Tyrtyshnikov [17] em-
ploys the T-MLSVD, essentially for dimensionality reduction, in the first step of its
construction. Other applications include dimensionality reduction in order to compute
other decompositions more efficiently [7], such as the canonical polyadic decomposi-
tion (CP)—also CANDECOMP/PARAFAC.

In this paper, we present a new Tucker decomposition [22] with orthogonal factor
matrices, similar to the T-MLSVD. It has several advantages over the T-MLSVD,
improving both the number of operations required to compute the approximation,
as the error of the approximation. Our investigation was spurred by an interesting
remark made by Andersson and Bro in [1]. In proposing techniques to improve the
computational efficiency of the HOOI algorithm, they briefly point out a different ini-
tialization scheme. Instead of initializing the factor matrices by a truncated MLSVD,
they, essentially, propose to initialize it with the sequentially truncated MLSVD—
the decomposition we investigate in this paper. However, the decomposition is never
formalized, nor were its interesting properties investigated in [1].

In the next section, we present some necessary preliminaries concerning tensor
algebra, multilinear orthogonal projections and some basic properties and definitions,
as the latter are not yet fully standardized. Thereafter, in Section 3, we briefly review
the multilinear singular value decomposition [5]. In Section 4, we present a novel ex-
pression for the error of any approximate Tucker decomposition with orthogonal factor
matrices. Based on this error expression, we propose a new non-iterative algorithm,
the sequentially truncated multilinear singular value decomposition (ST-MLSVD), to
compute a good approximate Tucker decomposition with orthogonal factor matrices,
in Section 5. There, we prove several important characteristics of the ST-MLSVD.
The relationship between the error of the T-MLSVD and ST-MLSVD is investigated
in Section 6. In Section 7, we demonstrate numerically that the ST-MLSVD outper-
forms T-MLSVD in terms of approximation error and computation time. Finally, in
Section 8, we summarize our main conclusions and argue that the ST-MLSVD may,
indeed, be preferable over the T-MLSVD in many cases.

Concerning notation, the following conventions apply throughout. Tensors are
typeset in an upper-case calligraphic font (A,S,B), matrices as upper-case letters
(A,U, V,Σ, P ), vectors as bold-face lower-case letters (u,v, e,a,m) and scalars as
lower-case letters (a, b). Occasionally, U and V are used to denote vector spaces. I
denotes an identity matrix of suitable dimensions. The scalar d is reserved for the
order of the considered tensor. The scalars m and n are reserved to indicate the
length of vectors over the real numbers; with a subscript they indicate the length of
a certain mode of a tensor. The letters i, j, p and q are reserved for integer indices.
A multilinear orthogonal projector that projects along mode-k is denoted as πk, see
also Section 2.2. Projectors, matrices and tensors which are typeset with an overhead
bar (π̄1, Ū1, Ā) are related to the T-MLSVD, and with a hat (π̂1, Û1, Â) they are
related to the ST-MLSVD.

2. Preliminaries. In this section, some preliminary material is presented. We
review some relevant aspects from the algebra of tensors, discuss multilinear orthog-
onal projections and present some useful properties. The first part is based on the
presentation of some important tensor-algebraic concepts from [4,8]. For more details,
the reader is referred to these references.

2.1. Tensor algebra. This paper is concerned with tensors. A tensor may be
considered as an element of the tensor product of a set of vector spaces. In this paper,
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we are interested in tensor products of real vector spaces. That is,

A ∈ Rn1 ⊗ Rn2 ⊗ · · · ⊗ Rnd ,

is a tensor of order d over the real numbers. More practically, such an object can be
represented as a d-array of numbers with respect to a given tensor basis. That is,

A = 〚ai1,i2,...,id〛
n1,n2,...,nd

i1,i2,...,id=1 ∈ Rn1×n2×···×nd .

In the above, A is specified with respect to the standard tensor basis of order d

Ed = {ei1 ⊗ ei2 ⊗ · · · ⊗ eid}
n1,n2,...,nd

i1,i2,...,id=1,

where ei is the ith standard basis vector of suitable dimension. We may thus write A
as a multilinear combination of these basis vectors, as follows

A =

n1∑
i1=1

n2∑
i2=1

· · ·
nd∑
id=1

ai1,i2,...,idei1 ⊗ ei2 ⊗ · · · ⊗ eid . (2.1)

In this paper, we will identify the tensor with the d-array representing its coordinates
with respect to a suitable basis. A tensor may be multiplied in each of its modes with
a (different) matrix. Let

A = 〚ai1,i2,...,id〛 ∈ Rn1×n2×···×nd and H(k) = 〚h(k)p,q〛 ∈ Rmk×nk .

Then, A may be transformed into a tensor B = 〚bj1,j2,...,jd〛 ∈ Rm1×m2×···×md via the
multilinear multiplication of A by {H(k)}k,

bj1,j2,...,jd =

n1∑
i1=1

n2∑
i2=1

· · ·
nd∑
id=1

ai1,i2,...,idh
(1)
j1,i1

h
(2)
j2,i2
· · ·h(d)jd,id .

We will write this more concisely, in standard mathematical notation [8], as

B = (H(1), H(2), . . . ,H(d)) · A. (2.2)

In two special cases, the above multilinear multiplication has an algebraic interpreta-
tion. First, if the matrices {H(k)}k are orthogonal, and thus square, then Eq. (2.2) can
be interpreted as a change of basis. That is, B represents the same object of the vector
space Rn1⊗· · ·⊗Rnd as A. However, B comprises the coordinates of that object with
respect to the tensor basis represented by the columns of the matrices {H(k)}k. More
formally, let H(k) =

[
h

(k)
1 h

(k)
2 ... h(k)

nk

]
be the column representation, then bi1,i2,...,id is

the coordinate of A with respect to the tensor basis vector h
(1)
i1
⊗ h

(2)
i2
⊗ · · · ⊗ h

(d)
id
.

That is, in analogy with Eq. (2.1), we can write

A =

n1∑
i1=1

n2∑
i2=1

· · ·
nd∑
id=1

bi1,i2,...,idh
(1)
i1
⊗ h

(2)
i2
⊗ · · · ⊗ h

(d)
id
.

Another useful algebraic interpretation of the multilinear multiplication arises when
the matrices {H(k)}k are orthogonal projectors. This operation is then referred to as
a multilinear orthogonal projection.
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2.2. Multilinear orthogonal projections. Key to this paper is the use of
multilinear orthogonal projections. Recall from e.g. [18], that an orthogonal projector
is a linear transformation P that projects a vector u ∈ Rn onto a vector space U ⊆ Rn,
such that the residual u − Pu is orthogonal to U . Such a projector can always be
represented in matrix form as P = UUT , assuming that the columns of U form
an orthonormal basis for the vector space U . De Silva and Lim [8] state that if
φk is an orthogonal projector from the vector space Vk ⊆ Rnk onto Uk ⊆ Vk then
Φ = (φ1, φ2, . . . , φd) is a multilinear orthogonal projection from the tensor space
V := V1⊗V2⊗· · ·⊗Vd onto the tensor subspace U1⊗U2⊗· · ·⊗Ud ⊆ V. In this paper,
we deal with orthogonal projectors from Rn1 ⊗ · · · ⊗Rnk−1 ⊗Rnk ⊗Rnk+1 ⊗ · · · ⊗Rnd

onto the subspace Rn1 ⊗ · · · ⊗ Rnk−1 ⊗ Uk ⊗ Rnk+1 ⊗ · · · ⊗ Rnd exclusively. This
multilinear orthogonal projection is given by

πkA := (I, . . . , I︸ ︷︷ ︸
k−1

matrices

, UkU
T
k , I, . . . , I) · A with A ∈ Rn1×···×nd , (2.3)

where we assume that the columns of Uk form an orthonormal basis of the vector
space Uk. The subscript of the projector πk indicates that it projects orthogonally
along mode k. The projector satisfies the following properties. These properties
can be proved straightforwardly from the properties of the multilinear multiplication,
which are presented in the next subsection. Foremost, two projectors that operate on
different modes, commute. That is, if i 6= j,

πiπjA = πjπiA,

The projector πk is also idempotent; πkπkA = πkA. Furthermore, its orthogonal
complement can be characterized explicitly by

(1− πk)A = (I, . . . , I, I − UkUTk , I, . . . , I) · A,

due to Property 2.5, which is presented in the next subsection. Finally, the projector
is orthogonal with respect to the Frobenius norm [8], defined as the square root of the
sum of all squared elements of the tensor,

‖A‖2F = ‖πkA‖2F + ‖(1− πk)A‖2F . (2.4)

The above projections will be used extensively, in this paper.

2.3. Basic definitions and properties. Here, we give some basic definitions
that will be used throughout. We bundle a number of well-known properties.

Unfolding. Given a tensor A ∈ Rn1×n2×···×nd , we define a mode-k vector v as
the vector one obtains by fixing all indices of A, and varying the mode k index:
v = Ai1,...,ik−1,:,ik+1,...,id with ij a fixed value. We refer to the set of all mode-k
vectors of A as the mode-k vector space. The mode-k unfolding, or matricization [10],
of A, denoted by A(k), is an nk×Πi6=kni matrix whose columns are all possible mode-k
vectors. The actual order of the mode-k vectors within this unfolding is usually not
important, as long as it is consistent. We assume the canonical order, as presented
in [10]. More importantly, it should be noted that the column space of A(k) is the
mode-k vector space, hence justifying its name.

Multilinear rank. This paper is concerned with the problem of approximating a
tensor by another one with low(er) multilinear rank. The multilinear rank of a tensor
A ∈ Rn1×···×nd is a d-tuple (r1, r2, . . . , rd), wherein rk is the dimension of the mode-k
vector space. Alternatively, rk is the column rank of A(k).
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Inner product and norm. The Frobenius inner product of two tensors A,B ∈
Rn1×···×nd is defined by

〈A,B〉F =

n1∑
i1=1

· · ·
nd∑
id=1

ai1,...,idbi1,...,id .

The corresponding Frobenius norm is defined by

‖A‖2F := 〈A,A〉F = ‖A(k)‖2F ,

for any mode-k unfolding of A. An expression of the Frobenius inner product in terms
of the unfoldings of the tensors, is also possible. It is not hard to see that the inner
product of A and B is simply the sum of the inner products of their mode-k vectors.
We thus obtain the following property [10, Lemma 2.1].

Property 2.1 (Inner product [10]). Let A,B ∈ Rn1×···×nd . Then, if 1 ≤ k ≤ d,

〈A,B〉F = trace
(
BT(k)A(k)

)
= trace

(
AT(k)B(k)

)
= 〈B,A〉F ,

where trace(A) :=
∑
i aii is the trace of A.

Of course, the above expression should not be used to compute the inner product.
However, it will yield an interesting insight into the orthogonality of orthogonally
projected tensors, in Section 4.

The Frobenius norm for matrices is unitarily invariant.
Property 2.2. (Orthonormality preserves Frobenius norm) If A ∈ Rm×n and

U ∈ Rr×m, with r ≥ m, is a matrix with orthonormal columns, and V ∈ Rs×n, with
s ≥ n, is a matrix with orthonormal columns, then

‖UAV T ‖2F = ‖A‖2F .

Proof. Let the columns of A and U be given respectively by

A =
[
a1 . . . an

]
and U =

[
u1 . . . um

]
,

then,

‖UA‖2F =

n∑
i=1

‖Uai‖22 =

n∑
i=1

∥∥∥∥∥∥
m∑
j=1

aijuj

∥∥∥∥∥∥
2

2

=

n∑
i=1

m∑
j=1

‖aijuj‖22 = ‖A‖2F .

Herein, the first and last equality are due to the definition of the Frobenius norm. The
third equality follows from the orthonormality of the columns of U , UTU = I, and the
definition of the 2-norm. From ‖A‖F = ‖AT ‖F , it also follows that ‖AV T ‖2F = ‖A‖2F .
Then, ‖UAV T ‖2F = ‖BV T ‖2F = ‖B‖2F = ‖UA‖2F = ‖A‖2F concludes the proof.

Multilinear multiplication. In this paragraph, we assume that the dimensions of
the matrices involved in the presented multilinear multiplications are compatible with
the latter. Multilinear multiplication in one mode, say 1 ≤ k ≤ d, with a matrix M
can be interpreted as multiplying the mode-k vectors by M . That is, if M is at
position k in the tuple, then

[(I, . . . , I,M, I, . . . , I) · A](k) = MA(k),
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is the most basic property, which we will use throughout. In general, the unfolding of
a multilinear multiplication has a Kronecker structure [5, 10].

Property 2.3 (Unfolding of multilinear multiplication [10]). Let a tensor A ∈
Rn1×···×nd be given. Then,

[(M1,M2, . . . ,Md) · A](k) = MkA(k) (M1 ⊗M2 ⊗ · · · ⊗Mk−1 ⊗Mk+1 ⊗ · · · ⊗Md)
T
.

The following basic properties of multilinearity can be found in [8].
Property 2.4 (Component-wise multiplication [8]). Two multilinear multipli-

cations can be transformed into one multilinear multiplication, by component-wise
multiplication of the matrices,

(L1, L2, . . . , Ld) · [(M1,M2, . . . ,Md) · A] = (L1M1, L2M2, . . . , LdMd) · A

Property 2.5 (Multilinearity [8]). The multilinear multiplication is multilinear
in its arguments,

(A1, . . . , Ak−1, Ak +Bk, Ak+1, . . . , Ad) · A =

(A1, . . . , Ak−1, Ak, Ak+1, . . . , Ad) · A+ (A1, . . . , Ak−1, Bk, Ak+1, . . . , Ad) · A.

Kronecker product. Some of the basic properties of the Kronecker product can
be found in [23]. A trivial property that we employ, is (A ⊗ B)T = AT ⊗ BT . The
Kronecker product also preserves orthogonality.

Property 2.6 (Preserves orthonormality [23]). The kronecker product of matri-
ces with orthonormal columns (rows) is a matrix with orthonormal columns (rows).

3. Multilinear singular value decomposition. De Lathauwer, De Moor and
Vandewalle proved the following theorem in [5].

Theorem 3.1 (Multilinear singular value decomposition [5]). Every tensor A ∈
Rn1×···×nd admits a multilinear singular value decomposition:

A = (U1, U2, . . . , Ud) · S, (3.1)

where the factor matrix Uk is an orthogonal nk × nk matrix, and the core tensor
S ∈ Rn1×···×nd satisfies the following properties:

all-orthogonality: 〈Sik=α,Sik=β〉F = 0, ∀α 6= β, and (3.2)

ordering: ‖Sik=1‖ ≥ ‖Sik=2‖ ≥ . . . ≥ ‖Sik=nk
‖ ≥ 0, (3.3)

for all 1 ≤ k ≤ d. Herein, Sik=α is the subtensor of S whose mode-k index is fixed to
α. The MLSVD is unique up to some trivial indeterminacies.

De Lathauwer et al. also demonstrated that the MLSVD can be computed by
means of d singular value decompositions of the distinct unfoldings of A.

Theorem 3.2 (De Lathauwer et al.’s MLSVD algorithm [5]). Let A ∈ Rn1×···×nd .
If the factor matrix Uk is obtained from the SVD of the mode-k unfolding of A,

A(k) = UkΣkV
T
k , (3.4)

for all 1 ≤ k ≤ d, and if the core tensor is given by, S = (UT1 , U
T
2 , . . . , U

T
d ) · A, then

A can be decomposed as A = (U1, U2, . . . , Ud) · S, i.e. it is the MLSVD of A.
The MLSVD can be employed to construct a low multilinear rank approximation

to a tensor. Suppose we want to approximate A by a rank-(r1, r2, . . . , rd) tensor Ā,
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with rk ≤ nk for all 1 ≤ k ≤ d. A factor matrix Ūk of the truncated MLSVD is
obtained from a truncation of the SVD of the mode-k unfolding of the tensor [5, 16],

A(k) = UkΣkV
T
k =

[
Ūk Ũk

] [Σ̄k
Σ̃k

] [
V̄ Tk
Ṽ Tk

]
, with Ūk ∈ Rnk×rk . (3.5)

The approximation is obtained by an orthogonal projection onto the tensor basis,
represented by these factor matrices. That is,

Ā := π̄1π̄2 · · · π̄dA := (Ū1Ū
T
1 , Ū2Ū

T
2 , . . . , ŪdŪ

T
d ) · A =: (Ū1, Ū2, . . . , Ūd) · S̄ ≈ A,

wherein the truncated core tensor is defined as,

(ŪT1 , Ū
T
2 , . . . , Ū

T
d ) · A =: S̄ ∈ Rr1×r2×···×rd .

In the remainder, we will always denote the T-MLSVD projector onto mode k by
π̄kA := (I, . . . , I, ŪkŪ

T
k , I, . . . , I) · A. The error of such an approximation can be

bounded from above by,

‖A − Ā‖2F ≤ ‖Σ̃1‖2F + ‖Σ̃2‖2F + · · ·+ ‖Σ̃d‖2F ,

which was stated as property 10 in [5]. A new, elegant proof of this error bound,
providing new insights into the source of the approximation error of a Tucker decom-
position with orthogonal factor matrices, is presented in the next section.

4. Error of a truncated orthogonal Tucker decomposition. In this section,
we derive a new explicit formula for the error of an approximate Tucker decomposition
with orthogonal factor matrices. This formula provides insights into the structure of
the optimization problem. In the next section, we propose a new greedy optimization
algorithm, based on the error expansion that is presented in the next theorem.

Theorem 4.1 (Error of a truncated orthogonal Tucker decomposition). Let
A ∈ Rn1×···×nd . Let A be approximated by

Ă := π̆1π̆2 · · · π̆dA := (Ŭ1Ŭ
T
1 , Ŭ2Ŭ

T
2 , . . . , ŬdŬ

T
d ) · A,

in which the factor matrices {Ŭk}k have orthonormal columns. Then, the approxima-
tion error is given, for any permutation p of {1, 2, . . . , d}, by

‖A − Ă‖2F = ‖π̆⊥p1A‖
2
F + ‖π̆⊥p2 π̆p1A‖

2
F + ‖π̆⊥p3 π̆p1 π̆p2A‖

2
F + · · ·+ ‖π̆⊥pd π̆p1 · · · π̆pd−1

A‖2F

and, it is bounded by

‖A − Ă‖2F ≤
d∑
k=1

‖π̆⊥pkA‖
2
F .

wherein π̆⊥k := 1− π̆k.

Proof. If the factor matrices {Ŭk}k are fixed, then the core tensor S̆ that minimizes
the approximation error

‖A − (Ŭ1, Ŭ2, . . . , Ŭd) · S̆‖F ,

is given by S̆ = (ŬT1 , Ŭ
T
2 , . . . , Ŭ

T
d )·A, as proved in [6,20]. Therefore, given fixed factor

matrices, the optimal approximation to A is obtained by a multilinear orthogonal
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projection onto the tensor basis spanned by the columns of the factor matrices. It is
thus justified to define the error of an orthogonal Tucker decomposition, given a set
of factor matrices, as the error of this optimal orthogonal multilinear projection of A.

Let us assume, without loss of generality, that p = 〈1, 2, . . . , d〉. We can introduce
a telescoping sum, as follows

A− Ă = (A− π̆1A) + (π̆1A− π̆2π̆1A) + · · ·+ (π̆d−1 · · · π̆1A− π̆d · · · π̆1A),

= π̆⊥1 A+ π̆⊥2 π̆1A+ π̆⊥3 π̆1π̆2A+ · · ·+ π̆⊥d π̆1 · · · π̆d−1A.

Let, for i < j,

B̆(i) := (I − ŬiŬTi )A(i)(Ŭ1Ŭ
T
1 ⊗ · · · ⊗ Ŭi−1ŬTi−1 ⊗ I ⊗ · · · ⊗ I),

C̆(i) := ŬiŬ
T
i A(i)(Ŭ1Ŭ

T
1 ⊗ · · · ⊗ Ŭi−1ŬTi−1 ⊗ Ŭi+1Ŭ

T
i+1 ⊗ · · · ⊗ Ŭj−1ŬTj−1⊗

I − ŬjŬTj ⊗ I ⊗ · · · ⊗ I),

then we notice that C̆T(i)B̆(i) = 0, because ŬiŬ
T
i is a projector. From Property 2.1, we

derive that the trace of the above expression equals the inner product

〈π̆⊥i π̆1 · · · π̆i−1A, π̆⊥j π̆1 · · · π̆i · · · π̆j−1A〉F = trace
(
C̆T(i)B̆(i)

)
= 0.

This entails that π̆⊥i π̆1 · · · π̆i−1A ⊥ π̆⊥j π̆1 · · · π̆i · · · π̆j−1A, i.e. these projected tensors
are orthogonal with respect to the Frobenius norm. As the above holds for any i < j
and orthogonality is reflexive, all the terms are orthogonal with respect to one another,
in the Frobenius norm. This results in

‖A − Ă‖2F = ‖π̆⊥1 A‖2F + ‖π̆⊥2 π̆1A‖2F + ‖π̆⊥3 π̆1π̆2A‖2F + · · ·+ ‖π̆⊥d π̆1 · · · π̆d−1A‖2F ,

completing the first part of the proof. The second part follows readily from the
observation that an orthogonal projection onto a subspace can only decrease the Fro-
benius norm. That is clear from Eq. (2.4).

Theorem 4.1 readily demonstrates that the error of the T-MLSVD can be bounded
from above and below.

Theorem 4.2 (T-MLSVD error bounds). Let A ∈ Rn1×···×nd and let Ā be the
rank-(r1, . . . , rd) truncated multilinear singular value decomposition of A. Let

A(k) =
[
Ūk Ũk

] [Σ̄k
Σ̃k

] [
V̄ Tk
Ṽ Tk

]
, with Ūk ∈ Rnk×rk ,

be a singular value decomposition. The error of the truncated MLSVD approximation
Ā to A is then bounded by

max
k
‖Σ̃k‖2F ≤ ‖A− Ā‖2F ≤ ‖Σ̃1‖2F + · · ·+ ‖Σ̃d‖2F .

Proof. The proof of the lower bound follows from noticing that Theorem 4.1
holds for any permutation p of {1, 2, . . . d}, the independence of the error on the
permutation p and the positivity of the terms.

The proof of the upper bound follows from Theorem 4.1 and by the definition of
the T-MLSVD factor matrices. We have

‖A − π̄1 · · · π̄dA‖2F ≤ ‖π̄⊥1 A‖2F + ‖π̄⊥2 A‖2F + ‖π̄⊥3 A‖2F + · · ·+ ‖π̄⊥d A‖2F ,
= ‖Ũ1Σ̃1Ṽ

T
1 ‖2F + · · ·+ ‖ŨdΣ̃dṼ Td ‖2F ,
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which, combined with Property 2.2, yields the desired result.
From Theorem 4.1, it is clear that the T-MLSVD can be interpreted as an algo-

rithm that minimizes the above upper bound, providing a quite strong rationale for
the T-MLSVD approximation. Indeed, minimizing the upper bound yields,

min
π1,...,πd

‖A − π1 · · ·πdA‖2F ≤ min
π1,...,πd

d∑
k=1

‖π⊥k A‖2F =

d∑
k=1

min
πk

‖π⊥k A‖2F , (4.1)

whose solution is given by choosing πk to project onto the dominant subspace of the
mode-k vector space, as in the T-MLSVD. Coincidentally, this also minimizes the
lower bound in Theorem 4.1.

Theorem 4.1 provides an intuitive argument why the truncated MLSVD generally
performs well. Suppose that π̄kA is a very good approximation to A, for all modes k.
One can then expect that π̄1 · · · π̄k−1A is still a good approximation to A. If this is the
case, then π̄⊥k , which projects onto the least dominant subspace in mode k, will still
be a good approximation to the actual projector onto the least dominant subspace of
the mode-k vector space of π̄1 · · · π̄k−1A. In other words, π̄⊥k would be a fairly good
approximation to the optimal orthogonal projector, which would project exactly onto
the aforementioned vector space. However, it is also clear that if at least one π̄jA is not
good approximation to A, then it is unlikely that π̄1 · · · π̄j · · · π̄k−1A approximates A
well. Consequently, it is much less plausible that the least dominant subspace in mode-
k of that projected tensor still resembles the least dominant subspace of the original
tensor. The T-MLSVD approximation may be bad in that case. Alternatively, this
can also be deduced from the error bound in Theorem 4.2. A bad approximation in
at least one mode, results in a higher lower (and upper) bound. In our numerical
experiments, we demonstrate that both the higher-order orthogonal iteration (HOOI)
algorithm [6] as our new truncation algorithm, which is presented in the next section,
can be much better than the truncated MLSVD approximation, precisely when the
tensor is strongly truncated in one or more modes.

In the next section, we propose a new technique to truncated the multilinear
singular value decomposition, inspired by Theorem 4.1.

5. Sequentially truncated multilinear singular value decomposition. In
this section, we propose a novel truncated multilinear singular value decomposition.
Contrary to the T-MLSVD, the order in which the modes are processed is relevant,
and leads to different approximations. The order in which modes are processed, is
denoted by a sequence p. Throughout this section, we present our results only for
the processing order p = 〈1, 2, . . . , d〉, as this significantly simplifies the notation. It
should be stressed, however, that many of the results actually do depend on the par-
ticular permutation p of {1, 2, . . . , d} that is chosen. For instance, the approximation
error of our novel algorithm depends on the order in which the modes are processed.

5.1. Definition. Consider again Theorem 4.1. The solution of optimization
problem (1.1) can be expressed as

min
π1,...,πd

‖A − π1π2 · · ·πdA‖2F (5.1)

= min
π1,...,πd

(
‖π⊥1 A‖2F + ‖π⊥2 π1A‖2F + · · ·+ ‖π⊥d π1 · · ·πd−1A‖2F

)
,

= min
π1

[
‖π⊥1 A‖2F + min

π2

[
‖π⊥2 π1A‖2F + min

π3

[
· · ·+ min

πd

‖π⊥d π1 · · ·πd−1A‖2F
]]]

.
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Consider the minimization over π1. It is not unreasonable to assume that the final
error depends more strongly on the term ‖π⊥1 A‖2F than on the other terms. The
subsequent terms will be minimized over (a number of) other projectors, hereby di-
minishing the importance of a single projector. Therefore, we are led to believe that
the projector

π̂1 := arg min
π1

‖π⊥1 A‖2F ,

might be a good approximation to the optimal projector. By repeating the above
argument for the projector π2, and then π3, and so on, we arrive at

min
π1,...,πd

‖A − π1π2 · · ·πdA‖2F ≤ ‖π̂⊥1 A‖2F + ‖π̂⊥2 π̂1A‖2F + · · ·+ ‖π̂⊥d π̂1 · · · π̂d−1A‖2F ,

= ‖A − π̂1 · · · π̂dA‖2F . (5.2)

Herein, the hat-projectors are defined recursively by

π̂k := arg min
πk

‖πkπ̂1 · · · π̂k−1A‖2F = arg min
Uk

‖UkUTk [π̂1 · · · π̂k−1A](k) ‖
2
F . (5.3)

wherein, as we recall, Uk ∈ Rnk×rk . Keep in mind that every permutation p of
{1, 2, . . . , d} yields a different optimization problem, and solution, of the above form.
The novel truncation algorithm we propose, consists of computing the solution to this
recursively defined optimization problem.

By comparing Eq. (5.2) and Eq. (5.3) with Eq. (4.1), we arrive at an interest-
ing relationship between the minimization problem solved by the T-MLSVD, and
optimization problem (5.3). Clearly,

min
π1,...,πd

‖A − π1π2 · · ·πdA‖2F ≤
d∑
i=1

min
πi

‖πiπ̂1 · · · π̂i−1A‖2F ≤
d∑
i=1

min
πi

‖πiA‖2F ,

because additional multilinear orthogonal projections can only decrease the Frobe-
nius norm. The optimization problem solved by the truncated MLSVD can thus be
considered as a simplification of optimization problem (5.3). This provides a strong
rationale to investigate the solution of Eq. (5.3).

The solution to optimization problem (5.3), for a fixed 1 ≤ k ≤ d, can be ob-
tained from a truncated singular value decomposition of the mode-k unfolding of
π̂1 · · · π̂k−1A. It is a tensor of the same size as A, namely n1×n2×· · ·×nd. However,
if we let π̂jA := (I, . . . , I, ÛjÛ

T
j , I, . . . , I) · A, then

Ûk = arg min
Uk

‖UkUTk A(k)(Û1Û
T
1 ⊗ Û2Û

T
2 ⊗ · · · ⊗ Ûk−1ÛTk−1 ⊗ I ⊗ · · · ⊗ I)T ‖2F ,

= arg min
Uk

‖UkUTk A(k)(Û1 ⊗ Û2 ⊗ · · · ⊗ Ûk−1 ⊗ I ⊗ · · · ⊗ I)‖2F ,

due to Property 2.2. Consequently, it is also possible to compute the optimal pro-
jector by means of a truncated SVD of (ÛT1 , . . . , Û

T
k−1, I, . . . , I) · A, which is a tensor

of size r1 × r2 × · · · × rk−1 × nk × · · · × nd. Whenever the tensor is strongly trun-
cated, ri is much smaller than ni, which improves the computational performance.
Based on this observation, we present Algorithm 1, which computes the solution of
optimization problem (5.3). Notice that it expects the chosen permutation p as in-
put. A MATLAB® implementation of this algorithm, using the Tensor Toolbox [2],
is presented in the appendix.
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Algorithm 1 Computing the sequentially truncated singular value decomposition

Ŝ ← A
for k = p1, p2, . . . , pd do
{ Compute the left singular vectors of Ŝ(k) }

Ŝ(k) =
[
U1 U2

] [Σ1

Σ2

] [
V T1
V T2

]
, with U1 ∈ Rnk×rk

Ûk ← U1

Ŝ(k) ← Σ1V
T
1

end for

We can now formally define the new truncation strategy for the MLSVD.
Definition 5.1 (Sequentially truncated singular value decomposition). A rank-

(r1, . . . , rd) sequentially truncated singular value decomposition (ST-MLSVD) of a
tensor A ∈ Rn1×···×nd , corresponding to the permutation p = 〈1, 2, . . . , d〉, is an
approximate decomposition of the form

A ≈ (Û1, Û2, . . . , Ûd) · Ŝ =: Âp ∈ Rn1×n2×···×nd ,

whose truncated core tensor is defined as

(ÛT1 , Û
T
2 , . . . , Û

T
d ) · A =: Ŝ ∈ Rr1×r2×···×rd ,

and wherein the factor matrix Ûk ∈ Rnk×rk , has orthonormal columns for all 1 ≤ k ≤
d. The kth partially truncated core tensor is defined as

(ÛT1 , Û
T
2 , . . . , Û

T
k , I, . . . , I) · A =: Ŝk ∈ Rr1×···×rk×nk+1×···×nd , (5.4)

with Ŝ0 := A and Ŝd = Ŝ. The rank-(r1, . . . , rk, nk+1, . . . , nd) partial approximation
to A is defined as

(Û1, Û2, . . . , Ûk, I, . . . , I) · Ŝk =: Âk ∈ Rn1×n2×···×nd ,

with Â0 := A and Âd = Â.
The factor matrix Ûk, 1 ≤ k ≤ d, is obtained from the (truncated) singular value

decomposition of the (k − 1)th partially truncated core tensor, as follows

Ŝk−1(k) = UkΣkV
T
k =

[
Ûk Ũk

] [Σ̂k

Σ̃k

][
V̂ Tk
Ṽ Tk

]
, (5.5)

wherein

Σ̂k = diag(σ̂k,1, σ̂k,2, . . . , σ̂k,rk) and Σ̃k = diag(σ̃k,rk+1, σ̃k,rk+2, . . . , σ̃k,nk
).

The factor matrix Ûk is the matrix of the rk dominant left singular vectors of the
mode-k vector space of Ŝk−1.

Alternatively, we write

Â := π̂1π̂2 · · · π̂dA := (Û1Û
T
1 , Û2Û

T
2 , . . . , ÛdÛ

T
d ) · A.
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Ŝ0 Ŝ1 Ŝ2 Ŝ3

Figure 5.1: A graphical depiction of the sequential truncation of a third-order tensor.

We refer to this (approximate) decomposition as a sequentially truncated multilin-
ear singular value decomposition. The sequential truncation algorithm can be under-
stood to compute a sequence of approximations 〈Â0, Â1, . . . , Âd〉, such that the multi-
linear rank of Âk corresponds in the first k modes to the desired dimension of the corre-
sponding vector space. We term our approach “sequential” in that the mode-k projec-
tor depends on the previously computed projectors. In the remainder, we will always
denote the ST-MLSVD projector onto mode k by π̂kA := (I, . . . , I, ÛkÛ

T
k , I, . . . , I)·A.

In Figure 5.1, we illustrate the operation of Algorithm 1. It represents the trun-
cation of a third-order tensor A = Ŝ0 to the ST-MLSVD core tensor Ŝ = Ŝ3. The
algorithm can be understood as follows. First, the singular value decomposition of
the mode-1 vector space is computed. By projecting onto the span of the matrix of
left singular vectors Û1, the “energy” in the tensors is reordered. More formally, as in
the T-MLSVD, Eq. (3.3) holds for Ŝ0, which we will prove later. The Frobenius norm
of the area shaded in gray is ‖Σ̃1‖2F , whereas the white area has a Frobenius norm

equal to ‖Σ̂1‖2F . By projecting onto the dominant subspace of the mode-1 vector

space, we retain only the non-shaded area of Ŝ0, resulting in the approximation Ŝ1.
The shaded area is, essentially, set to zero. Its energy is lost. In the second mode
we again compute the SVD, and by projecting onto the space spanned by the left
singular vectors, the energy is again reordered according to Eq. (3.3). To obtain the
next approximation, the shaded area of Ŝ1 is set to zero. The procedure proceeds
analogously in the last mode. In the end, the ST-MLSVD core tensor is obtained.

5.2. Basic properties. We continue to investigate some of the properties of
this alternative truncation strategy for the multilinear singular value decomposition.
First, we demonstrate that the ST-MLSVD reduces to the multilinear singular value
decomposition [5], in absence of truncation.

Theorem 5.2 (An alternative MLSVD algorithm). Let A ∈ Rn1×···×nd and set
S0 := A. In every step 1 ≤ k ≤ d, A is decomposed as

(UT1 , U
T
2 , . . . , U

T
k , I, . . . , I) · A =: Sk ∈ Rn1×n2×···×nd . (5.6)

If k ≤ d− 1, the next nk+1 × nk+1 factor matrix Uk+1 is determined as the matrix of
left singular vectors in the SVD of the mode-(k + 1) unfolding of Sk. That is,

Sk(k+1) := Uk+1Σk+1V
T
k+1. (5.7)

If the core tensor is defined as

S := (UT1 , U
T
2 , . . . , U

T
d ) · A = Sd,

then the MLSVD decomposition of A is given by

A = (U1, U2, . . . , Ud) · S. (5.8)
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Proof. The proof is largely inspired by the proof of Theorem 3.1 in [5]. Consider
any 1 ≤ k ≤ d. By Eq. (5.8), we have

A(k) = UkS(k)(U1 ⊗ · · · ⊗ Uk−1 ⊗ Uk+1 ⊗ · · · ⊗ Ud)T . (5.9)

From Eq. (5.6) and Eq. (5.7), we derive that

Sk−1(k) = IA(k)(U1 ⊗ · · · ⊗ Uk−1 ⊗ I ⊗ · · · ⊗ I) = UkΣkV
T
k ,

and, because the Kronecker product preserves orthogonality (Property 2.6),

A(k) = UkΣkV
T
k (U1 ⊗ · · · ⊗ Uk−1 ⊗ I ⊗ · · · ⊗ I)T . (5.10)

Combining the above with Eq. (5.9), while eliminating Uk, yields

S(k)(U1 ⊗ · · · ⊗ Uk−1 ⊗ Uk+1 ⊗ · · · ⊗ Ud)T = ΣkV
T
k (U1 ⊗ · · · ⊗ Uk−1 ⊗ I ⊗ · · · ⊗ I)T .

Again exploiting Property 2.6, and using the orthogonality of {Uj}j , results in

S(k) = ΣkV
T
k (I ⊗ · · · ⊗ I ⊗ Uk+1 ⊗ · · · ⊗ Ud) := ΣkV

T
k Z

T . (5.11)

Let Vk :=
[
v1 v2 . . . vnk

]
. Notice that ZVk has orthonormal columns.

We are now ready to prove the two properties stated in Theorem 3.1, demon-
strating that the decomposition in Eq. (5.8) is the (unique) MLSVD decomposition.
Consider first the all-orthogonality of S. By its construction in Eq. (5.7),

Σk := diag(σk,1, σk,2, . . . , σk,nk
), where σk,1 ≥ σk,2 ≥ . . . ≥ σk,nk

≥ 0. (5.12)

Notice that row α of S(k) contains the values of the core tensor for which the index in
mode k is fixed to α, i.e. it is the vectorization of Sik=α. Therefore, from Eq. (5.11),

〈Sik=α,Sik=β〉 = 〈σk,αZvα, σk,βZvβ〉 =

{
σ2
k,α if α = β

0 otherwise
,

for any 1 ≤ α, β ≤ nk. That proves the all-orthogonality condition.
The proof of ordering follows readily from

‖Sik=α‖ = 〈Sik=α,Sik=α〉 = σ2
k,α

and the ordering of the mode-k singular values in Eq. (5.12).
Consequently, the ST-MLSVD inherits the properties of the MLSVD in absence of

truncation. In particular, the ST-MLSVD of an order-2 tensor reduces to the matrix
SVD, even in presence of truncation, which is not hard to prove.

We note that the ST-MLSVD algorithm requires less floating point operations to
compute the approximation.

Property 5.3. Let A be an order-d tensor of size n1 × n2 × · · · × nd. Assume
that A is truncated to a rank-(r1, r2, . . . , rd) tensor by the ST-MLSVD. Assume an
O(m2n) algorithm to compute the singular value decomposition of an m × n matrix,
m ≤ n. Then, the ST-MLSVD requires

O

(
d∑
k=1

r1 · · · rk−1 · n2k · nk+1 · · ·nd +

d∑
k=1

r1 · · · rk · nk+1 · · ·nd

)
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operations to compute the approximation by Algorithm 1.
Proof. In every mode, the singular value decomposition of an nk × r1 · · · rk−1 ·

nk+1 · · ·nd matrix should be computed, leading to the first summation. The next
partially truncated core tensor can be obtained, simply by scaling the right singular
vectors with the corresponding singular values. This amount of operations conforms
to the latter summation.

The T-MLSVD, on the other hand, requires

O

(
d∑
k=1

n1 · · ·nk−1 · n2k · nk+1 · · ·nd +

d∑
k=1

r1 · · · rk−1 · rk · nk · nk+1 · · ·nd

)
operations to compute the core tensor and the factor matrices. The first summation is
due to the singular value decompositions, in every mode, of an nk×Πj 6=knj matrix, in
order to compute the factor matrices. The second summation is required to compute
the core tensor, by means of d matrix multiplications. The T-MLSVD is clearly
much more expensive than a ST-MLSVD if ri � ni. Consider for instance a rank-1
approximation to an order-d cubic tensor of size n×n×· · ·×n. Then the T-MLSVD
requires O(dnd+1) operations, versus O(nd+1 +nd + · · ·+n) for the ST-MLSVD. The
speedup of ST-MLSVD over T-MLSVD can then be quite close to the order, d, of the
tensor. We illustrate this numerically, in Section 7.3.

Notice that the permutation is very relevant in Property 5.3, and may lead to large
differences in the total number of operations required to compute the decomposition.
Nevertheless, the ST-MLSVD algorithm always requires less operations than the T-
MLSVD, regardless of the chosen permutation p or the rank of the approximation. It
is a good heuristic to sort the modes by decreasing compression ratio, i.e. by nk/rk,
and compute the ST-MLSVD in that order. We have observed experimentally that
this order often leads to a good approximation error as well.

5.3. Approximation error. Another important aspect of the ST-MLSVD con-
cerns its approximation error. That will be a major topic in the remainder of this
paper. First, it is shown that the approximation error of the ST-MLSVD can be
expressed in terms of the singular values that are obtained readily from an execution
of Algorithm 1.

Theorem 5.4 (Error of the ST-MLSVD). Let A ∈ Rn1×···×nd and let Â be the
rank-(r1, . . . , rd) sequentially truncated singular value decomposition of A, as defined
in Definition 5.1. Then

‖A − Â‖2F =

d∑
k=1

nk∑
ik=rk+1

σ̃2
k,ik

, (5.13)

i.e. the error is the sum of the squares of the discarded singular values.
Proof. We derive an explicit formula for the error of two successive approximations

Âk and Âk+1, as they are defined in Definition 5.1, with 0 ≤ k ≤ d− 1. That is,

ε2k := ‖Âk − Âk+1‖2F
= ‖(Û1, . . . , Ûk, I, . . . , I) · Ŝk − (Û1, . . . , Ûk+1, I, . . . , I) · Ŝk+1‖2F .

We notice that the factor matrices have orthonormal columns. Therefore,

ε2k =
∥∥∥(Ŝk(k+1) − Ûk+1Ŝk+1

(k+1)

)
(Û1 ⊗ · · · ⊗ Ûk ⊗ I ⊗ · · · ⊗ I)T

∥∥∥2
F
,

=
∥∥∥Ŝk(k+1) − Ûk+1Ŝk+1

(k+1)

∥∥∥2
F
, (5.14)
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From the definition of the partially truncated core tensor in Eq. (5.4), we note that

ÛTk+1Ŝk(k+1) =
[
(I, . . . , I, ÛTk+1, I, . . . , I) · Ŝk

]
(k+1)

=
[
(ÛT1 , . . . , Û

T
k+1, I, . . . , I) · A

]
(k+1)

= Ŝk+1
(k+1).

However, from Eq. (5.5) it is also clear that

Ûk+1Ŝk+1
(k+1) = Ûk+1Û

T
k+1Ŝk(k+1) = Ûk+1Σ̂k+1V̂

T
k+1.

Substituting the above in Eq. (5.14) and using Eq. (5.5) again, we obtain

ε2k =
∥∥∥Ûk+1Σ̂k+1V̂

T
k+1 + Ũk+1Σ̃k+1Ṽ

T
k+1 − Ûk+1Σ̂k+1V̂

T
k+1

∥∥∥2
F

=
∥∥∥Ũk+1Σ̃k+1Ṽ

T
k+1

∥∥∥2
F

=

nk∑
ik=rk+1

σ̃2
k,ik

. (5.15)

Next, we note that Âk − Âk+1 = π̂⊥k+1π̂1 · · · π̂kA, so that we can immediately apply
Theorem 4.1. That results in

‖A − Âk‖2F = ‖π̂⊥1 A‖2F + ‖π̂⊥2 π̂1A‖2F + · · ·+ ‖π̂⊥d π̂1π̂2 · · · π̂dA‖2F ,

=

d∑
k=1

ε2k =

d∑
k=1

nk∑
ik=rk+1

σ̃2
k,ik

,

concluding the proof.
It should be stressed that the approximation error of the ST-MLSVD depends on

the permutation p, as the singular values will in general be different.
Example. Consider, for instance, the third-order tensor A ∈ R3×3×3:

A:,:,1 =

2 4 7
5 6 3
9 3 5

 , A:,:,2 =

7 5 3
9 2 8
9 2 3

 , A:,:,3 =

8 4 6
3 2 5
9 3 4

 .
If we approximate this tensor by a rank-(2, 2, 2) ST-MLSVD decomposition, the fol-
lowing errors are obtained for the different permutations of {1, 2, 3}:

‖A − Â〈1,2,3〉‖F = 8.1912, ‖A − Â〈1,3,2〉‖F = 8.1932, ‖A − Â〈2,1,3〉‖F = 7.4799,

‖A − Â〈2,3,1〉‖F = 7.4497, ‖A − Â〈3,1,2〉‖F = 7.5001, ‖A − Â〈1,2,3〉‖F = 7.4835.

The error of the rank-(2, 2, 2) T-MLSVD approximation is 8.8188, which is worse than
every ST-MLSVD approximation. �

The error of the ST-MLSVD can also be bounded in terms of the “original”
singular values of the different unfoldings of the tensor. This bound is presented next.

Theorem 5.5 (Error bound of the ST-MLSVD). Let A ∈ Rn1×···×nd and let Â
be the rank-(r1, . . . , rd) sequentially truncated singular value decomposition of A, as
defined in Definition 5.1. Let

A(k) =
[
Ūk Ũk

] [Σ̄k
Σ̃k

] [
V̄ Tk
Ṽ Tk

]
, with Ûk ∈ Rnk×rk ,
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be the singular value decomposition in mode k. Then

min
k
‖Σ̃k‖2F ≤ ‖A− Â‖2F ≤

d∑
k=1

‖Σ̃k‖2F

are bounds on the error of the ST-MLSVD.
Proof. The proof of the upper bound follows from

‖π̂⊥k π̂1 · · · π̂k−1A‖2F ≤ ‖π̄⊥k π̂1 · · · π̂k−1A‖2F ≤ ‖π̄⊥k A‖2F = ‖Σ̃k‖2F ,

for all 1 ≤ k ≤ d. Herein, π̄k is the T-MLSVD projector in mode k. The first
inequality in the above formula is due to the fact that the π̂k projector is optimal, as
it is derived from a truncated SVD. The second inequality is due to Eq. (2.4).

The lower bound is a consequence of Theorem 4.1 and the fact that the approxi-
mation error of the ST-MLSVD depends on the order in which it is computed.

The sequentially truncated MLSVD thus has the same upper bound on the error
as the T-MLSVD, but its lower bound is better.

5.4. Invariance to choice of tensor basis. We show that choice of tensor
basis does not affect the outcome of the T-MLSVD or ST-MLSVD algorithm. This
property does not automatically extend to other algorithms.

Theorem 5.6 (Invariance of tensor basis). Let A,L ∈ Rn1×n2×···×nd be order-d
tensors. Let A and L be related via a multilinear change of basis, that is,

A = (Z1, Z2, . . . , Zd) · L, wherein Zk ∈ Rnk×nk is orthogonal for all k. (5.16)

Let, furthermore,

L̆ := (Ŭ1Ŭ
T
1 , Ŭ2Ŭ

T
2 , . . . , ŬdŬ

T
d ) · L

be the rank-(r1, r2, . . . , rd) T-MLSVD (ST-MLSVD) approximation to L, as in The-
orem 3.2 (Definition 5.1). Then, the T-MLSVD (ST-MLSVD) approximation of the
same multilinear rank of A is given by

Ă = (Z1, Z2, . . . , Zd) · L̆,

i.e., the approximation error of the T-MLSVD (ST-MLSVD) algorithm is independent
of the tensor basis in which A is expressed.

Proof. We begin with the proof for the T-MLSVD. By Eq. (5.16),

A(k) = ZkL(k)(Z1 ⊗ · · · ⊗ Zk−1 ⊗ Zk+1 ⊗ · · · ⊗ Zd)T

= Zk
[
Ŭk Ũk

] [Σ̆k
Σ̃k

] [
V̆ Tk
Ṽ Tk

]
(Z1 ⊗ · · · ⊗ Zk−1 ⊗ Zk+1 ⊗ · · · ⊗ Zd)T ,

where in the second equality, we have replaced L(k) with its singular value decompo-

sition, wherein Ŭk ∈ Rnk×rk . Clearly, the first two factors form an orthogonal matrix
and equally so for the last two factors. Hence, the above represents the unique SVD of
A(k). Consequently, truncating it to the first rk singular values yields the orthogonal
projector π̆k in mode k. That is,

π̆kA = (I, . . . , I, ZkŬkŬ
T
k Z

T
k , I, . . . , I) · A. (5.17)
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As the above comments hold for all 1 ≤ k ≤ d, we soon arrive at

Ă = π̆1π̆2 · · · π̆dA = (Z1Ŭ1Ŭ
T
1 Z

T
1 , Z2Ŭ2Ŭ

T
2 Z

T
2 , . . . , ZdŬdŬ

T
d Z

T
d ) · A,

= (Z1Ŭ1Ŭ
T
1 , Z2Ŭ2Ŭ

T
2 , . . . , ZdŬdŬ

T
d ) · L,

= (Z1, Z2, . . . , Zd) · L̆,

which completes the proof for the T-MLSVD.
To prove the theorem for the ST-MLSVD, we proceed along the same line. In the

first unfolding, the ST-MLSVD projector is the same as the T-MLSVD projector. It is
thus given by π̆1A = (Z1Ŭ1Ŭ

T
1 Z

T
1 , I, . . . , I) · A. In the second mode, the ST-MLSVD

algorithm computes the SVD of

A(2)(Z1Ŭ1Ŭ
T
1 Z

T
1 ⊗ I) = Z2L(2)(Z1 ⊗ Z3 ⊗ · · · ⊗ Zd)T (Z1Ŭ1Ŭ

T
1 Z

T
1 ⊗ I),

= Z2L(2)(Ŭ1Ŭ
T
1 ⊗ I)(Z1 ⊗ Z3 ⊗ · · · ⊗ Zd)T ,

where the first equality is due to the change of basis in Eq. (5.16). Next, we note that

A(2)(Z1Ŭ1Ŭ
T
1 Z

T
1 ⊗ I) = Z2

[
Ŭ2 Ũ2

] [Σ̆2

Σ̃2

] [
V̆ T2
Ṽ T2

]
(Z1 ⊗ Z3 ⊗ · · · ⊗ Zd)T ,

from the definition of the ST-MLSVD algorithm. Now, the first two factors again
form an orthogonal matrix, as do the last two factors. Consequently, the right-hand
side is the SVD of the left-hand side. The second ST-MLSVD projector is thus

π̆2A = (I, Z2Ŭ2Ŭ
T
2 Z

T
2 , I, . . . , I) · A.

It is not hard to show, by induction in the above manner, that, in general, Eq.
(5.17) holds for the ST-MLSVD projectors as well (with different matrices, of course).
Consequently, by repeating the argument employed in the previous part of the proof,
we arrive at the desired conclusion.

From an algebraic viewpoint, the above theorem reveals that both the T-MLSVD
as the ST-MLSVD operate on tensors as elements of a vector space, not just on the
d-array representing their coordinates with respect to some tensor basis. In fact, this
theorem proves that yet another property of the SVD generalizes to the (S)T-MLSVD.

6. Error with respect to the truncated MLSVD. In this rather technical
section, we investigate the relationship between the approximation error of the classic
T-MLSVD truncation strategy and the ST-MLSVD truncation strategy. Throughout
this section, we will denote the rank-(r1, r2, . . . , rd) ST-MLSVD approximation to
A ∈ Rn1×···×nd , corresponding to permutation p, by

π̂p1 π̂p2 · · · π̂pdA =: Âp ∈ Rn1×···×nd .

Whenever the particular permutation p is of no importance, the subscript in Âp will
be dropped. The T-MLSVD approximation of the same multilinear rank to A will be
denoted by

π̄1π̄2 · · · π̄dA =: Ā ∈ Rn1×···×nd .

Recall, from Section 5.1, that the optimization problem solved by the T-MLSVD
can be considered an approximation to the optimization problem that ST-MLSVD
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solves. Both approximate the solution of the actual problem (1.1). Given this observa-
tion, we wonder whether the ST-MLSVD approximation is better than the T-MLSVD.

Conjecture 6.1 (Error of the ST-MLSVD w.r.t. the T-MLSVD). Let a tensor
A ∈ Rn1×···×nd be given. Let Âp∗ ∈ Rn1×···×nd be the best rank-(r1, . . . , rd) sequen-
tially truncated multilinear singular value decomposition of A. Let Ā ∈ Rn1×···×nd be
the rank-(r1, . . . , rd) truncated multilinear singular value decomposition of A. Then,

‖A − Âp∗‖2F
?
≤ ‖A− Ā‖2F .

Unfortunately, the above conjecture does not hold, in general, as the next coun-
terexample shows.

6.1. A counterexample. Let us consider the following fourth order tensor

A:,:,1,1 =

[
0.5 −1.7
−1.3 −0.6

]
, A:,:,2,1 =

[
−2.4 −0.1
−0.7 1.4

]
,

A:,:,1,2 =

[
0.1 0.1
2.2 −0.8

]
, A:,:,2,2 =

[
−0.3 −2.5

0.0 0.3

]
.

The rank-(1, 1, 1) T-MLSVD approximation is given by

Ā =

([
−0.97325
−0.22975

]
,

[
−0.78940

0.61388

]
,

[
−0.31546

0.94894

]
,

[
−0.88167

0.47186

])
·
[
2.57934

]
.

The best ST-MLSVD approximation corresponds to the permutation p∗ = 〈1, 3, 2, 4〉.
It is given by

Âp∗ =

([
−0.97325
−0.22975

]
,

[
−0.97310

0.23037

]
,

[
−0.09956

0.99503

]
,

[
−0.99692

0.07841

])
·
[
2.53595

]
.

The approximation errors are given respectively by

‖Ā − A‖2F = 18.68700 and ‖Âp∗ −A‖2F = 18.90896,

which demonstrates that the T-MLSVD is better than the ST-MLSVD approxima-
tion. The ST-MLSVD approximation is nearly 0.6% worse than T-MLSVD. This
counterexample was found by randomly sampling the fourth-order tensors of size
2 × 2 × 2 × 2, whose entries were drawn from a Gamma distribution with mean 1,
and truncating them to rank (1, 1, 1, 1). Our experiments yielded 7 counterexamples
in ten million samples. The above example was the best counterexample.

Our experiments indicate that the counterexamples to Conjecture 6.1 are ex-
tremely thinly spread for tensors whose entries are drawn from a normal, Gamma or
uniform distribution, at least for third-order tensors. Furthermore, the probability
of encountering a counterexample decreases as the multilinear rank to approximate
with is decreased. Somewhat related, the ST-MLSVD approximation appears to be
more competitive as the tensor is further truncated, a result which is supported by
the numerical experiments in Section 7.

6.2. Sufficient conditions. Here, we investigate two sufficient conditions under
which Conjecture 6.1 does hold. We demonstrate that a non-trivial and non-empty
set of tensors exists that satisfy one of these conditions.

First, we prove that a third-order tensor that is fully truncated in one mode, will
be approximated better by the ST-MLSVD.
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Theorem 6.2. Let A ∈ Rn1×n2×n3 . Let Âp be the rank-(1, r1, r2) ST-MLSVD of
A corresponding to the permutation p, and let Ā be the T-MLSVD of A of the same
multilinear rank. Then,

‖A − Âp‖2F ≤ ‖A− Ā‖2F . (6.1)

at least for p = 〈1, 2, 3〉.
Proof. Let π̂1 be the ST-MLSVD projector along the first mode and π̄1 the T-

MLSVD projector. Both are equal and reduce the third order tensor to a matrix. That
is, A = π̄1A. From the Eckart-Young theorem, we know that the truncated singular
value decomposition of A yields the best low-rank approximation [9,11]. Clearly, the
ST-MLSVD will truncate the SVD of A to rank min{r1, r2}. That is because it will
select the r1 left singular vectors, which define the projector π̂2, project onto them and
then compute the r2 left singular vectors of the projected matrix, which comprise the
projector π̂3. However, these r2 left singular vectors correspond to the r2 dominant
right singular vectors of A. Thus, the combined projector π̂2π̂3A simply yields the
best rank min{r1, r2} approximation of A. The T-MLSVD, on the other hand, does
not compute the projectors in this manner. Hence, π̄2 and π̄3, nor their combined
projector, are optimal in general. That entails

‖A− π̂2π̂3A‖2F ≤ ‖A− π̄2π̄3A‖2F ,
‖π̂⊥1 A‖2F + ‖π̂1A− π̂2π̂3π̂1A‖2F ≤ ‖π̂⊥1 A‖2F + ‖π̂1A− π̄2π̄3π̄1A‖2F .

The first term can be brought into the norm, on both sides of the inequality, as in the
proof of Theorem 4.2. Theorem 4.1 completes the proof.

The above theorem holds for any third order tensor that is approximated by a ten-
sor of lower multilinear rank in which at least one mode is truncated to rank one. The
specific order of the rank that was assumed in Theorem 6.2, namely (1, r1, r2), does
not limit the generality because we can renumber the modes in such a manner that
the theorem applies. As an immediate corollary, it is clear that third-order tensors of
multilinear rank (2, 2, 2), and lower, are approximated better by the ST-MLSVD than
the T-MLSVD. In particular, we note that the rank-(1, 1, 1) ST-MLSVD approxima-
tion is better than the T-MLSVD approximation. The ST-MLSVD is thus likely to
yield a more interesting starting point for iterative algorithms that approximate the
optimal rank-1 approximation to a tensor, e.g. [3,6,16,25]. Our preliminary numerical
experiments confirm this suspicion, and reveal that the number of iterations required
for convergence may decrease. However, more rigorous numerical experiments are
necessary to confirm these results.

Next, we consider arbitrary low-rank approximations of third-order tensors. To
this end, we shall rely on the next theorem.

Theorem 6.3. Let a tensor A ∈ Rn1×···×nd be given. Let Âp be the rank-
(r1, . . . , rd) ST-MLSVD of A corresponding to the permutation p, and let Ā be the
T-MLSVD of A of the same multilinear rank. If there is a permutation p that satisfies

π̂pj = π̄pj for all 1 ≤ j ≤ d− 1

then,

‖A − Âp‖2F ≤ ‖A− Ā‖2F .

Proof. From Theorem 4.1, it is clear that

‖π̂⊥pj π̂p1 · · · π̂pj−1A‖2F = ‖π̄⊥pj π̄p1 · · · π̄pj−1A‖2F for all 1 ≤ j ≤ d− 1.
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From Definition 5.1, it is clear that π̂pd is optimal, where π̄pd is not, as the former
results from the (optimal) truncated SVD of [π̂p1 · · · π̂pd−1

A](d). Consequently,

‖π̂⊥pd π̂p1 · · · π̂pd−1
A‖2F ≤ ‖π̄⊥pd π̄p1 · · · π̄pd−1

A‖2F

which, combined with Theorem 4.1, completes the proof.
The above theorem is quite simple. However, it is not clear whether tensors exist

that satisfy the above conditions. From Theorem 5.6, we already know that both the
T-MLSVD as the ST-MLSVD are equivalent under orthogonal transformations. De
Silva and Lim [8] refer to this as O-equivalence; equivalence under the action of the
orthogonal group On1,n2,...,nd

(R) := On1
(R)×On2

(R)× · · · ×Ond
(R), wherein On(R)

denotes the group of orthogonal n × n matrices over R. In [8], De Silva and Lim
consider the problem of classifying third-order tensors into a finite set of “canonical
tensors”, so that every tensor A ∈ R2×2×2 is equivalent to a canonical tensor under
the action of the general linear group GL2(R)×GL2(R)×GL2(R), wherein GL2(R)
denotes the set of non-singular 2 × 2 matrices over R. This is called a classification
of the GL-orbits of R2×2×2 [8]. They come up with a list of eight such orbits. In this
paper, we are interested in the O-orbits of Rn1×n2×···×nd , as this would allow us to
precisely characterize in which O-orbits the ST-MLSVD algorithm outperforms the
T-MLSVD algorithm. However, De Silva and Lim point out that such a task may
be Herculean, as, in general, “an explicit classification [of GL-orbits] must necessarily
include continuous parameters” [8]. Their argument is based on counting the degrees
of freedom, and applies to the O-orbits as well. Notice that a classification of order-
2 tensors is possible. The singular value decomposition reveals that there is one
parameterized O-orbit for the matrices of rank r. They are all equivalent to a diagonal
matrix with exactly r (strictly) positive diagonal entries.

We already know from our counterexample in Section 6.1 that ST-MLSVD does
not outperform T-MLSVD everywhere. We wonder whether there exist (parameter-
ized) O-orbits of Rn1×n2×n3 such that the best ST-MLSVD approximation is no worse
than the T-MLSVD approximation. This question can be answered in the affirmative,
at least if n1 = n2. It is addressed by our next theorem.

Theorem 6.4. Let A ∈ Rn×n×m be a tensor whose mode-1 unfolding is given by

A(1) =
[
A1 A2 . . . Am

]
.

If there exist orthogonal matrices Z1, Z2 ∈ Rn×n and Z3 ∈ Rm×m such that

ZT1 A(1)(Z2 ⊗ Z3) =
[
Λ1 Λ2 . . . Λm

]
,

where Λi is a real diagonal matrix for all i, then

‖A − Âp‖2F ≤ ‖A− Ā‖2F .

for p = 〈1, 2, 3〉.
Proof. Let us introduce an order-3 tensor L ∈ Rn×n×m, which is defined by

L(1) = L(2) =
[
Λ1 Λ2 . . . Λm

]
. (6.2)

Then, A = (Z1, Z2, Z3) · L. From Theorem 5.6, we know that the ST-MLSVD and
T-MLSVD approximations of A can be obtained through a change of basis from
the ST-MLSVD, respectively T-MLSVD, approximation of L. We thus restrict our
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attention to the latter tensor. We will assume, without loss of generality, that r1 ≥ r2,
in the remainder.

First, we consider the T-MLSVD approximation in the first two modes. Consider
the singular value decomposition of L in the first mode. From the specific structure
in Eq. (6.2), it is clear that L(1) = UΣV wherein U is a permutation matrix and

Σ =
[
Σ′ 0

]
with Σ′

2
= diag

(
m∑
i=1

(Λi)
2
q1,q1 ,

m∑
i=1

(Λi)
2
q2,q2 , . . . ,

m∑
i=1

(Λi)
2
qn,qn

)
,

(6.3)

where q is a permutation of {1, 2, . . . , n}, such that the diagonal entries of Σ′ are
sorted in decreasing magnitude. Notice that the SVD is not unique whenever some of
the diagonal values are equal. In that case, U is not necessarily a permutation matrix.
However, the basis spanning the subspace of those equal singular values can always be
chosen to consist of standard basis vectors, yielding a U that is a permutation matrix.
We assume that, in the remainder, this additional constraint is imposed. The T-
MLSVD truncates Σ to the first r1 singular values. Denote by Ū1, the corresponding
left singular vectors. Notice that the diagonal entries of Σ′ contain the norms of the
rows of L(1), sorted in decreasing magnitude. Since U is a permutation matrix, the
projector

π̄1L := (Ū1Ū
T
1 , I, I) · L

simply “selects” the r1 rows of L(1) that have the largest norm. The other rows are
zeroed out. More formally, let Sri := {q1, q2, . . . , qri} denote the set of the first ri
values in q. Then,

Ū1Ū
T
1 = diag ([1 ∈ Sri ], [2 ∈ Sri ], . . . , [n ∈ Sri ]) , (6.4)

wherein we used Iverson’s convenient notation [12, p 24]. That is, [j ∈ S] is one if j
is in the set S and zero otherwise.

In the second mode, the T-MLSVD algorithm does exactly the same as in the
first mode. However, now it selects the r2 largest singular values in Eq. (6.3). Let Ū2

denote the matrix of corresponding left singular vectors. Then, the second projector

π̄2L := (I, Ū2Ū
T
2 , I) · L,

selects the r2 rows of L(2) with the largest norm. The combined action of π̄1 and π̄2
is given by

[π̄2π̄1L](2) = Ū2Ū
T
2 L(2)(Ū1Ū

T
1 ⊗ I),

=
[
Ū2Ū

T
2 Λ1Ū1Ū

T
1 Ū2Ū

T
2 Λ2Ū1Ū

T
1 . . . Ū2Ū

T
2 ΛmŪ1Ū

T
1

]
,

=
[
Λ̄1 Λ̄2 . . . Λ̄m

]
,

with Λ̄i := Ū2Ū
T
2 ΛiŪ1Ū

T
1 . We can simplify the latter to

Λ̄i = diag([1 ∈ Sr2 ], . . . , [n ∈ Sr2 ])Λi diag([1 ∈ Sr1 ], . . . , [n ∈ Sr1 ]),

= diag([1 ∈ Sr2 ], . . . , [n ∈ Sr2 ])Λi,

where the last equation follows from the observation that [j ∈ Sr2 ] · [j ∈ Sr1 ] = [j ∈
Sr2 ∩ Sr1 ] and r2 ≤ r1 by assumption.
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Second, we consider the ST-MLSVD. Clearly, the mode-1 ST-MLSVD projector
π̂1 equals the T-MLSVD projector π̄1. In the second mode, ST-MLSVD computes
the singular value decomposition of

L(2)(Û1Û
T
1 ⊗ I) =

[
Λ1Û1Û

T
1 Λ2Û1Û

T
1 . . . ΛmÛ1Û

T
1

]
,

=
[
Û1Û

T
1 Λ1 Û1Û

T
1 Λ2 . . . Û1Û

T
1 Λm

]
= Û1Û

T
1 L(1).

The second equality is due the fact that Û1Û
T
1 is diagonal. The SVD is given by

L(2)(Û1Û
T
1 ⊗ I) = UΣV wherein Σ =

[
Σ′ 0

]
and

Σ′
2

= diag

(
m∑
i=1

(Λi)
2
q1,q1 ,

m∑
i=1

(Λi)
2
q2,q2 , . . . ,

m∑
i=1

(Λi)
2
qr1 ,qr1

, 0, . . . , 0

)
,

and U :=
[
Û1 Û⊥1

]
is an orthogonal matrix. Truncating the SVD to the first r2 ≤ r1

columns, it is clear that the corresponding left singular vectors are given by Ū2, as in
the T-MLSVD. Therefore, the ST-MLSVD projector in the second mode equals the
T-MLSVD projector. That is, π̂2 = π̄2.

The proof can now be completed by applying Theorem 6.3.
One particular instance of this theorem results if Z3 = I. The theorem then states

that if the family of matrices {Ai}i is simultaneously diagonalizable by an orthogonal
congruence transformation, then ST-MLSVD outperforms the T-MLSVD.

Example. To conclude this section, we present a numerical example of a tensor
satisfying the conditions of Theorem 6.4. Consider the third order tensor A ∈ R7×7×5,

A:,:,1 = diag( 1.1, 1.1,−0.9, 0.1,−1.2,−1.1, 0.0),

A:,:,2 = diag( 1.5,−0.8, 0.4,−0.2, 1.1,−1.1, 0.0),

A:,:,3 = diag( 0.6, 1.1, 1.5, 0.1,−1.5,−0.7,−1.1),

A:,:,4 = diag( 2.4,−0.6, 0.7,−0.2, 0.9,−0.8,−1.4),

A:,:,5 = diag(−1.4, 0.5,−0.2,−0.2, 1.4, 0.3, 0.2).

The rank-(3, 3, 2) T-MLSVD approximation is given by Ā = (Ū1Ū
T
1 , Ū2Ū

T
2 , Ū3Ū

T
3 ) ·A,

where

Ū1 = Ū2 =



1 0 0
0 0 0
0 0 1
0 0 0
0 1 0
0 0 0
0 0 0


, and Ū3 =


0.2751 0.4734
0.4088 −0.4555
0.3858 0.5975
0.6917 −0.3840
−0.3604 −0.2529

 .

Note the particular form of the projectors in modes one and two. They indeed satisfy
Eq. (6.4). The relative approximation error ‖A − Ā‖F /‖A‖F = 0.649552.

The rank-(3, 3, 2) ST-MLSVD approximation corresponding to p = 〈1, 2, 3〉 is
Â = (Û1Û

T
1 , Û2Û

T
2 , Û3Û

T
3 ) · A, where

Û1 = Û2 = Ū1 = Ū2, and Û3 =


0.2615 0.3785
0.4092 −0.4518
0.3256 0.5295
0.6838 −0.4132
−0.4367 −0.4489

 .
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In this case, the relative approximation error ‖A − Â‖F /‖A‖F = 0.637842, which is
indeed better than the T-MLSVD. In fact, the relative approximation error is lowest
for the permutation p = 〈3, 1, 2〉. The error is 0.607711 in that case. �

6.3. Diagonalizable tensors. A tensor A ∈ Rn1×n2×···×nd is diagonalizable iff
there exist orthogonal Zk ∈ Rnk×nk , 1 ≤ k ≤ d, such that

(Z1, Z2, . . . , Zd) · A = D, with D diagonal.

A tensor D = 〚di1i2...id〛 is called diagonal if it is zero everywhere, except (possibly)
di,i,...,i, with 1 ≤ i ≤ min{n1, n2, . . . , nd}. In the matrix case, this problem is well-
studied. It is known that any matrix can be represented as a diagonal matrix if
a suitable orthonormal basis is chosen for its domain and range [9, Section 3.2.3].
Furthermore, the singular value decomposition [9,11] of the matrix completely resolves
the question which bases should be chosen. Unfortunately, in the tensor case it has
been shown that not every tensor is diagonalizable by a change of basis [3, 5, 15, 25].
That is, not every tensor can be represented by a diagonal tensor in a suitable tensor
basis. However, for tensors that are diagonalizable, we can prove that T-MLSVD and
ST-MLSVD approximate the original tensor equally well.

Corollary 6.5. Let A ∈ Rn1×n2×···×nd be a diagonalizable by a change of basis.
That is, there exist orthogonal Zk ∈ Rnk×nk , 1 ≤ k ≤ d, such that

(Z1, Z2, . . . , Zd) · A = D, where di1,i2,...,id = 0 if ∃j, k : ij 6= ik.

Let Â be any ST-MLSVD approximation to A and let Ā be the T-MLSVD approxi-
mation. Then,

‖A − Â‖2F = ‖A − Ā‖2F ,

i.e., ST-MLSVD and T-MLSVD approximate a diagonalizable tensor equally well.

Proof. By Theorem 5.6, we can restrict our proof to the diagonal tensor D. The
theorem can then be proved in essentially the same way as Theorem 6.4, by applying
the arguments for mode 1 and 2 to the other modes as well. In the end, the core
tensor S ∈ Rr1×r2×···×rd is given, in either algorithm, by

si,i,...,i = dpi,pi,...,pi , with 1 ≤ i ≤ min{r1, r2, . . . , rd},

and zero everywhere else. Herein, pi denotes the position of the ith largest element
on the diagonal of D. The factor matrices of the T-MLSVD and ST-MLSVD decom-
position of D, in corresponding modes, are equal.

7. Numerical experiments. In this section, we analyze the performance of
the ST-MLSVD and T-MLSVD through a series of numerical experiments. Both
algorithms were implemented1 in MATLAB® 7.9.0, using the MultiLinear Toolbox
[21]. The experiments were conducted on a laptop comprising an Intel Core2Duo
P7350 processing unit (2.0GHz) and 4GB main memory. It should be noted that
our computational experiments are only indicative of the relative performance of T-
MLSVD and ST-MLSVD.

1The source code can be obtained from:
http://people.cs.kuleuven.be/~nick.vannieuwenhoven/
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Figure 7.1: The weights of model problems one and two.

7.1. Model problems. Here, three model problems are presented. In the first
two model problems, we consider an order-d cubic tensor A ∈ Rn×···×n that is ap-
proximately decomposable as a sum of r rank-1 terms. Let

C(s) = (F (1), F (2), . . . , F (d)) · D =

r∑
i=1

sif
(1)
i ⊗ f

(2)
i ⊗ · · · ⊗ f

(d)
i , (7.1)

be an order-d tensor of size n × · · · × n and every F (i) ∈ Rn×r a random Gaussian
matrix2 that has been scaled to Frobenius norm unity. The diagonal tensor D is
defined as diag(s1, s2, . . . , sr). The two model problems, employ a different set of
weights s in Eq. (7.1). Let α be the vector of r uniformly spread numbers in [−3, 4],
sorted from largest to smallest. We define two sets of weights

si = eαi , and ti = e4 − sr+1−i.

The vector s = [si]i is employed in model problem one, and problem two uses t = [ti]i.
These numbers effectively determine the importance of the rank-1 terms in Eq. (7.1).
The decay of the weights is visualized in Figure 7.1. The tensor considered in the
first, respectively second, model problem is then given by

A1(d, n, r) :=
C(s)

‖C(s)‖F
+ 0.05

E
‖E‖F

and A2(d, n, r) :=
C(t)

‖C(t)‖F
+ 0.05

E
‖E‖F

,

wherein E is a Gaussian tensor. Both model problems are thus random in the fac-
tor matrices and in the “noise term” E . As third model problem, we consider an
orthogonal Tucker decomposition of multilinear rank (r, r, . . . , r):

T = (U1, U2, . . . , Ud) · S,

wherein every Ui ∈ Rn×r has orthonormal columns, and is constructed by taking the
Q-factor in the QR decomposition of a random Gaussian matrix. The core tensor S
is a random Gaussian tensor. The third model problem, then reads

A3(d, n, r) :=
T
‖T ‖F

+ 0.05
E
‖E‖F

,

wherein E represents white noise, i.e. it is a random Gaussian tensor.

2We call a tensor (matrix) whose entries are randomly sampled from the standard normal distri-
bution, a Gaussian tensor (matrix).
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7.2. Approximation error. Here, we investigate the error of T-MLSVD, ST-
MLSVD and HOOI on the model problems from the previous subsection. The higher-
order orthogonal iteration (HOOI) algorithm, introduced in [6], is an iterative algo-
rithm to determine a (local) optimizer of optimization problem (1.1). In general, it
is not guaranteed to converge to the global optimum, but when initialized with the
factor matrices of the T-MLSVD, it is known to result in a good approximation to
the optimum [6]. It is thus natural to compare the T-MLSVD and ST-MLSVD with
respect to the HOOI solution, as this is probably close to the optimum. Unless in-
dicated otherwise, we initialize the HOOI algorithm with the factor matrices of the
T-MLSVD. The iterative process was halted if the improvement of the approximation
error dropped below 10−4.

We have selected A1(3, 40, 120) as our first model problem, A2(3, 40, 120) as sec-
ond problem and A3(3, 40, 30) as final problem. We approximated these model prob-
lem tensors by the three algorithms with a rank-(r, r, r) tensor, for every 1 ≤ r ≤ 25,
and repeated the experiment on 500 different instances of each model problem. For
every pair of model problem and algorithm, the average of the relative approximation
error over these 500 experiments was determined. The results are shown in Table 7.1.
The relative approximation error is a quantity in [0, 1], and can be interpreted as the
fraction of the data that is not explained by our low rank orthogonal Tucker model.
Recall that the ST-MLSVD approximation error depends on the order in which the
modes are processed. By worst ST-MLSVD (STw), we thus imply the ST-MLSVD
approximation corresponding to the permutation that caused the highest approxi-
mation error. By best ST-MLSVD (STb), we imply the ST-MLSVD approximation
corresponding to the permutation that yielded the lowest approximation error. These
worst and best permutations were determined by brute force.

As a first observation, we note that the model problems result in different ap-
proximation errors, when considering an approximation of the same multilinear rank.
In particular, we note that on model 2, the error of a rank-(25, 25, 25) approximation
is still quite high, whereas in model problem 1 the error is much lower. This can be
attributed to the difference in the distribution of the singular values in every mode. In
model problem 1, the exponential decay of the singular values in every mode also re-
sults in an approximation error that behaves in a similar fashion. On the other hand,
the slow decay of the singular values in every mode, in model problem 2, results in a
slow decay of the error of the approximation.

The data in Table 7.1 indicates that on every model problem, for every multilinear
rank, and for every permutation of the modes, the ST-MLSVD approximation yielded
a better approximation error than the T-MLSVD.

We note that the difference between T-MLSVD and the other algorithms is largest
if the tensor is approximated by one of (very) low multilinear rank, as we suspected
at the end of Section 4. In the first model problem, the difference is largest at around
rank (3, 3, 3) and (4, 4, 4). In model problem 2, the difference peaks at around rank
(6, 6, 6) and (7, 7, 7), and in model problem 3 the maximum is attained approximately
at rank (10, 10, 10).

In these model problems, the difference in approximation error between ST-
MLSVD and T-MLSVD was approximately half of the difference between HOOI and
T-MLSVD. The difference between HOOI and T-MLSVD is rather limited. We have
not observed more than 15% difference on these model problems. However, in terms
of execution time, the HOOI algorithm is much more expensive than T-MLSVD. Con-
sider, for instance, the speedup of ST-MLSVD over T-MLSVD and HOOI on the third
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r Model Problem 1 Model Problem 2 Model Problem 3

T STw STb H T STw STb H T STw STb H
1 92.9 89.9 88.0 86.2 99.8 98.8 98.4 97.6 100.0 99.3 99.1 98.9
2 85.3 81.2 78.8 75.5 99.3 97.7 97.1 95.4 99.8 98.7 98.4 97.8
3 77.6 73.2 70.7 66.7 98.4 96.4 95.7 93.3 99.4 97.9 97.6 96.5
4 69.8 65.6 63.4 59.0 97.3 94.9 94.3 91.2 98.8 96.8 96.5 95.0
5 62.6 58.7 56.7 52.3 95.8 93.2 92.6 89.2 97.8 95.5 95.1 93.3
6 55.7 52.3 50.7 46.4 94.0 91.4 90.8 87.1 96.5 93.9 93.5 91.5
7 49.3 46.5 45.1 41.2 92.0 89.3 88.7 85.1 94.8 92.0 91.6 89.3
8 43.6 41.1 40.0 36.5 89.7 87.1 86.5 83.0 92.8 89.9 89.5 87.0
9 38.3 36.3 35.4 32.3 87.2 84.7 84.2 80.8 90.3 87.4 86.9 84.4
10 33.6 31.9 31.2 28.6 84.5 82.1 81.6 78.5 87.5 84.6 84.1 81.5
11 29.4 28.0 27.4 25.2 81.6 79.4 79.0 76.0 84.2 81.4 80.4 78.3
12 25.6 24.5 24.0 22.2 78.6 76.5 76.2 73.5 80.6 77.9 77.4 74.9
13 22.3 21.4 21.0 19.6 75.4 73.6 73.2 70.8 76.5 74.0 73.6 71.2
14 19.4 18.6 18.3 17.2 72.2 70.5 70.2 68.1 72.1 69.8 69.4 67.1
15 16.8 16.2 16.0 15.1 68.9 67.4 67.1 65.2 67.2 65.2 64.8 62.7
16 14.6 14.1 13.9 13.2 65.5 64.2 63.9 62.2 61.9 60.2 59.8 58.0
17 12.6 12.2 12.0 11.5 62.1 60.9 60.7 59.2 56.3 54.9 54.5 52.9
18 10.8 10.5 10.4 10.0 58.6 57.6 57.4 56.2 50.3 49.1 48.9 47.5
19 9.3 9.1 9.0 8.7 55.1 54.3 54.1 53.0 44.0 43.1 42.8 41.8
20 7.9 7.8 7.7 7.5 51.6 50.9 50.8 49.9 37.3 36.7 36.5 35.7
21 6.8 6.6 6.6 6.4 48.2 47.6 47.4 46.7 30.3 29.9 29.7 29.2
22 5.8 5.7 5.6 5.5 44.8 44.2 44.1 43.5 23.1 22.8 22.7 22.4
23 4.9 4.8 4.8 4.7 41.4 40.9 40.9 40.4 15.6 15.5 15.4 15.3
24 4.1 4.1 4.0 4.0 38.0 37.7 37.6 37.2 7.9 7.9 7.9 7.8
25 3.5 3.4 3.4 3.4 34.8 34.5 34.4 34.1 0.2 0.2 0.2 0.2

Table 7.1: The relative approximation error (100 · ‖A − Ă‖F /‖A‖F ) of T-MLSVD
(T), the worst ST-MLSVD approximation (STw), the best ST-MLSVD approximation
(STb) and HOOI (H) in function of the multilinear rank (r, r, r) of the approximation
tensor.

model problem, which is plotted in Figure 7.2. The ST-MLSVD approximation can
be computed about twice as fast as the T-MLSVD, while reaching about half of the
possible improvement in terms of approximation error (where we assume that HOOI
reaches the maximum). The HOOI approximation, on the other hand, is extremely
expensive to compute, but is able to reduce the approximation error further.

From the above observations, we are convinced that the ST-MLSVD approxima-
tion is, in general, a viable candidate to replace the T-MLSVD, as it improves both
the approximation error and the execution time.

7.3. Computation time. We briefly investigate the execution times of the T-
MLSVD and ST-MLSVD algorithms, in function of the approximation rank and the
order of the tensor. In this experiment, we selected three tensors from model problem
three; A3(3, 30, 25), A3(4, 30, 25) and A3(5, 30, 25). We computed the (S)T-MLSVD
approximation of multilinear rank (r, . . . , r), for every 1 ≤ r ≤ 30, and repeated this
five times. Of these five runs, the minimum execution time was selected. The speedup
of ST-MLSVD with respect to T-MLSVD is displayed in Figure 7.3

Our numerical experiments verify that the speedup of ST-MLSVD can be as high
as the order of the tensor, if the latter is approximated by a very low multilinear rank.
The speedup also appears to decrease linearly with the rank.



TRUNCATED MULTILINEAR SINGULAR VALUE DECOMPOSITION 27

0

5

10

15

20

25

30

35

0 5 10 15 20 25

S
p

ee
d
u
p

Rank of approximation

T-MLSVD
HOOI (T-MLSVD)

HOOI (ST-MLSVD)
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initialized with the ST-MLSVD factor matrices (HOOI (ST-MLSVD)) on model prob-
lem 3.

0

1

2

3

4

5

0 5 10 15 20 25 30

S
p

ee
d
u
p

Rank of approximation

d = 3
d = 4
d = 5

Figure 7.3: The speedup of ST-MLSVD over T-MLSVD on the third model problem
A3(d, 30, 25), in function of the approximation rank.

7.4. Case study: approximating a multidimensional function. In this
subsection, we demonstrate that both the ST-MLSVD and HOOI can sometimes
outperform T-MLSVD by a larger margin than in the previous examples. We consider
here the problem of approximating the tensor

S =

[
1

i sin(i+ j + k)

]40,40,40
i,j,k=1

. (7.2)

In Figure 7.4, the singular values of the mode-k unfoldings are displayed. The tensor
is symmetric in modes 2 and 3, and hence the singular values are equal in those
unfoldings. The shape of the decay of the singular values is strikingly different in the
modes. In mode-1 the decay is very rapid, but in the other modes the decay is very
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Figure 7.4: The singular values of the mode-k unfoldings of the tensor in Eq. (7.2).
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Figure 7.5: The relative approximation error ‖S − Ŝ‖F /‖S‖F of the approximation
Ŝ, computed by various methods in function of the approximation rank (r, r, r).

slow. In fact, the difference between the first and tenth singular value, in mode 2, is
less than 1.2%.

We approximate Eq. (7.2) by a rank-(r, r, r) tensor, for 1 ≤ r ≤ 25. The results
of our experiments are displayed in Figure 7.5. In this example, the ST-MLSVD
approximation is very close to the solution found by the HOOI algorithm. The T-
MLSVD performs poorly. For instance, a rank-(5, 5, 5) T-MLSVD approximation still
admits an error of 99.9%, whereas the worst ST-MLSVD has 78.4% error and HOOI
only 74.2%. In terms of execution time, the average3 speedup of ST-MLSVD over
T-MLSVD was 2.1. An average speedup of 14.5 was obtained over the ST-MLSVD
initialized HOOI algorithm (which includes the time to compute the ST-MLSVD
approximation), and a speedup of 17.5 was obtained over HOOI initialized with a T-
MLSVD. This discrepancy is mostly explained by the (small) difference in the number
of iterations required for convergence. The ST-MLSVD initialized HOOI algorithm
required, on average, 28.75 iterations, whereas the T-MLSVD initialization results in

3The average over the approximations with a different rank.
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33.625 iterations, on average. In this example, the HOOI iteration steps were the
predominant cost, not the computation of the (S)T-MLSVD.

7.5. Case study: image reconstruction. In this subsection, the truncated
multilinear singular value decomposition is applied to a problem in image process-
ing. The example in this section is only illustrative, however, as more advanced
and appropriate tools may exist for the problem at hand. Nevertheless, we hope to
demonstrate the versatility of these tensor decomposition approaches. This example
illustrates that sometimes large compression rates, i.e. strongly truncated modes, do
occur in practical applications. In such applications, large benefits in execution time
may be expected from the ST-MLSVD. Another example of an application wherein
large compression rates are achieved, may be found in the classification of handwritten
digits [19]. Therein, the number of training images, say a few thousands, is reduced
to a set of a few “canonical” images.

Here, we consider the problem of reconstructing an image from a set of seriously
distorted source images. Let us call the matrix obtained by fixing the third mode index
only, a mode-3 slice of the tensor. In Figure 7.6a, the source image4, the lighthouse
at the Cap Béar near Port-Vendres in France, is displayed. The source image can be
represented as an order-3 tensor I of size 500 × 667 × 3, where each of the mode-3
slices represents one of the RGB components of the image. We assume that, through
some process, we are only able to obtain seriously distorted observations of this source
image. In Figure 7.6b, we display one such input image. In our experiments, the input
images J are generated from the source images, as follows. First a noise tensor is
generated,

Eijk = Xg exp(Xn − 1)2

wherein Xg ∼ G(1) is a random sample from the Gamma distribution with mean 1
and Xn ∼ N(0, 1) represents a random sample from the standard normal distribution.
The exponential factor ensures that there can be a large difference in the disturbance
of different pixels. In fact, on average, about 15% of the entries of E will magnify
Xg, while the remainder quickly diminishes it. The entries of the distorted image are
given by

Jijk = Iijk + 2−9‖I‖F exp(Xu)Eijk (7.3)

wherein Xu ∼ U(−0.5, 0.5) represents a random sample from the uniform distribution
on [−0.5; 0.5]. The third factor represents a random scaling of the noise tensor, such
that there can be a large difference in the total distortion of an input image.

We attempted to reconstruct the source image from the input image in Figure 7.6b
by means of a truncated (S)T-MLSVD. Some of the obtained images are displayed
in Figure 7.7. The results are quite poor, as the distortion of each individual input
image is too large to properly denoise (using tensor techniques). As can be seen, the
approximation is quite crude. In all three images, vertical and horizontal lines are
discernible. By reducing the amount of noise in the image, we also quickly loose detail
and the pictures appear blurry.

Next, we consider the situation in which we are allowed to sample the source
images a number of times. We have sampled it 50 times, and collected the images in a

4The source image and input images may be obtained from:
http://people.cs.kuleuven.be/~nick.vannieuwenhoven/
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(a) Original image (b) Sample 11

(c) T-MLSVD approximation (d) ST-MLSVD approximation

Figure 7.6: Image reconstruction from 50 significantly distorted sample images using
tensor decompositions.
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(a) Rank (100, 100, 3) (b) Rank (80, 80, 3) (c) Rank (50, 50, 3)

Figure 7.7: Image denoising of sample 11 using the ST-MLSVD.

fourth order tensor L of size 500×667×3×50. We would like to reconstruct, accurately,
the source image from this tensor. Clearly, we would like to reduce the set of input
images to a single image, a third-order tensor. Consider the rank (500, 667, 3, 1)
approximation to L. Such an approximation must necessarily be a weighted linear
combination of the input images. The amount of noise in this linear combination
image, can then be reduced by computing an approximation of a yet lower multilinear
rank. From the above observations, we might believe that computing, for example, a
rank-(250, 250, 3, 1) approximation to L yields an accurate reconstruction of the source
image. We have done precisely this, in our experiment. The result is depicted in Figure
7.6c, where we used the T-MLSVD, and in Figure 7.6d, where the ST-MLSVD was
employed. In case of the ST-MLSVD, we employed the ordering p = 〈4, 1, 2, 3〉. That
is, first we compress the input images to one image and then compress it further in
the other modes.

The proposed ST-MLSVD algorithm outperforms the T-MLSVD algorithm in
terms of execution time. ST-MLSVD computed the denoised image in 36.81 seconds,
whereas T-MLSVD required 178.02 seconds. This represents a speedup of 4.84, illus-
trating that in some instances the speedup can exceed the order of the tensor. We
attribute this effect to a more efficient memory and cache usage. That may be a
consequence of the fact that ST-MLSVD reduces the size of the tensor in every step.

Comparing Figure 7.6c and Figure 7.6d, it is clear that ST-MLSVD yields a better
approximation to the source image. The image produced by T-MLSVD has some
clear visual artifacts. For instance, the lighthouse and the stones at the bottom of the
picture, are much less sharp than in Figure 7.6d. Also, some noise is still visible left
of the base of the lighthouse, and in the air at the top of the picture. It is not entirely
a surprise that the ST-MLSVD algorithm performs better. In this case, ST-MLSVD
first computes a weighted average of the input images. This already results in a good
approximation to the source image. That is because the input images are distorted
variants of the same source image. By simply averaging over all input images, a
large part of the noise will be canceled out. Thereafter, it compresses that average
image, which has the effect of removing the noise. As the average image is already
strongly denoised, its compression yields a sharp denoised image, contrary to directly
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denoising only one of the input images, as in Figure 7.7. The T-MLSVD, on the other
hand, simultaneously computes the orthogonal projectors. It will take exactly the
same linear combination of input images to compute the averaged image. However,
the other two projectors are computed based on all of the input images. Its effect will
thus be to simultaneously denoise all input images. However, we are only interested
in denoising the averaged image, at this point. It is unlikely that the projectors
computed from the entire set of input images results in a better approximation than
the projectors computed from the averaged image, which is the one we would like to
denoise. The effect is visible in Figure 7.6.

8. Conclusions. A novel error expression for truncated orthogonal Tucker de-
compositions, which yields insights into the structure of the optimization problem,
was presented. From this, an improved truncation strategy was proposed for the mul-
tilinear singular value decomposition. Our numerical experiments indicate that this
sequentially truncated MLSVD may be a suitable replacement for the T-MLSVD,
as it significantly reduces the number of floating point operations to construct the
approximation, and, in many cases, reduces the approximation error. We observed
a maximum speedup proportional to the order of the tensor, if the tensor is ap-
proximated by another of very low multilinear rank. However, the ST-MLSVD also
introduces a number of difficulties which should be addressed by future research. For
instance, the sequential approach destroys most of the structure present in the origi-
nal tensor. Therefore, straightforwardly applying the sequential truncation to sparse
or otherwise structured tensors may be inadvisable. Techniques should be designed
to overcome this difficulty. The ST-MLSVD is also sequential in nature, whereas
the T-MLSVD is parallel in nature. In the latter, the SVDs of the different unfold-
ings can be computed entirely independent from one another. Future research should
investigate insofar the ST-MLSVD algorithm is parallelizable.

Appendix. MATLAB implementation.

f unc t i on [A] = stmlsvd (T, mlr , p )
% STMLSVD Sequen t i a l l y truncated mu l t i l i n e a r s i n gu l a r va lue
% decomposit ion .
%
% A = stmlsvd (T, mlr , p ) computes the t t en s o r A, as rank−mlr
% ST−MLSVD approximation correspond ing to the order p o f the
% tenso r T.
%
% A = stmlsvd (T, mlr ) computes the t t en s o r A, as rank−mlr ST−MLSVD
% approximation o f T, cor re spond ing to the order o f the s t r ong e s t
% reduct ion o f the s i z e o f the p a r t i a l l y truncated core t enso r .
%
% NOTE: only supports dense unstructured t en so r s e f f i c i e n t l y .
% Structured t en so r s may l o o s e t h e i r s t r u c tu r e a f t e r the f i r s t
% p r o j e c t i o n step .

% Sanity check .
mlr = min ( s i z e (T) , mlr ) ;

% Determine the order o f the s t r ong e s t r educt i on .
i f narg in < 3

[ ˜ , p ] = so r t ( s i z e (T) . / mlr , ’ descend ’ ) ;
end
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% Factor matr i ce s and core t enso r .
d = ndims (T) ;
U = c e l l (1 , d ) ;
S = T;

% ST−MLSVD algor i thm .
f o r k = 1 : d

m = p(k ) ;

% Compute dominant subspace .
U{m} = nvecs (S ,m, mlr (m) ) ;

% Pro j ec t onto dominant subspace .
S = ttm(S , U{m} , m, ’ t ’ ) ;

end

A = t t en so r (S ,U) ;
end
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