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1 Introduction

A number of authors studied the construction of smooth (finite element) spline spaces defined on
arbitrary triangulations. Such a spline space usually has the following properties:� a certain order of global smoothness, and possibly local supersmoothness;� a dimension which can be simply expressed in terms of geometrically interesting characteris-

tics of the triangulation (like the number of vertices, edges and/or triangles);� a linearly independent and stable basis;� full approximation power.

We refer to [3], and references quoted therein, for an overview of such spline spaces. For the
construction of smooth splines with a low polynomial degree one often considers triangulations
with a particular macro-structure. Each triangle in the triangulation is then split into a number of
subtriangles. The Clough-Tocher split (into three subtriangles) and the Powell-Sabin split (into six
subtriangles) are commonly used splits. Splines defined on such refined triangulations are referred
to as Clough-Tocher splines and Powell-Sabin splines, respectively.

For Powell-Sabin splines with smoothness r = 1 and polynomial degree d = 2, Dierckx [1] has
developed an interesting normalized B-spline representation, in which the locally supported basis
functions form a convex partition of unity. The spline coefficients in this representation have a
geometric meaning, and allow a natural definition of control triangles which are a useful tool for
computer aided geometric design. This normalized B-spline representation has been effective in a
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2 BIVARIATE POLYNOMIALS ON TRIANGLES 2

wide range of application areas (see, e.g., [4, 5, 13, 14]). Recently, a basis with similar properties
has been constructed for Powell-Sabin splines with smoothness r = 2 and degree d = 5, see [11],
and for (reduced) Clough-Tocher splines with smoothness r = 1 and degree d = 3, see [12]. In
this paper, we will generalize this construction of a normalized spline basis towards a family of
spline spaces with general smoothness r ≥ 1. These spline spaces are defined on triangulations
with Powell-Sabin refinement, and have a polynomial degree d = 3r − 1.

The paper is organized as follows. In Section 2 we recall some preliminary concepts of bivariate
polynomials in Bernstein-Bézier form defined on triangles. In the next section we define a particular
family of smooth spline spaces over triangulations of Powell-Sabin’s type. Section 4 is devoted
to the construction of a normalized basis for these spline spaces. The construction is based on
determining a set of triangles that must contain a specific set of points. In Section 5 we define
control points and control polynomials which can be useful for modelling purposes. We also show
how the Bernstein-Bézier form of such a spline can be computed using only convex combinations.
This leads to a stable algorithm for the evaluation of such a spline in its normalized B-spline
representation. In Section 6 we consider a family of reduced spline spaces. Finally, we end with
some concluding remarks in Section 7.

2 Bivariate polynomials on triangles

Let Pd denote the linear space of bivariate polynomials of total degree less than or equal to d.
In this section we recall the Bernstein-Bézier representation of a polynomial pd ∈ Pd, and some
properties of the blossom of such a polynomial.

2.1 Bernstein-Bézier representation of polynomials

Let T (V1, V2, V3) be a non-degenerate triangle. Any point P in the plane of the triangle can be
uniquely expressed in terms of the barycentric coordinates τ = (τ1, τ2, τ3) with respect to T , such
that

P =

3∑

i=1

τi Vi, and τ1 + τ2 + τ3 = 1. (2.1)

Given two points P 1 and P 2, the barycentric coordinates δ = (δ0, δ1, δ3) of the vector P 2 − P 1

with respect to T are defined as the difference of the barycentric coordinates of both points. If the
Euclidean distance ‖P 2 − P 1‖2 = 1, then δ is called a unit barycentric direction.

Any polynomial pd ∈ Pd on triangle T has a unique Bernstein-Bézier representation

pd(P ) = pd(τ) =
∑

i1+i2+i3=d

bi1i2i3B
d
i1i2i3(τ). (2.2)

Here,

Bd
i1i2i3(τ) =

d!

i1!i2!i3!
(τ1)

i1(τ2)
i2(τ3)

i3 (2.3)

are the Bernstein basis polynomials of degree d. The coefficients bi1i2i3 are called Bézier ordinates.
The Bézier domain points ξi1i2i3 are defined as the points with barycentric coordinates

(
i1
d ,

i2
d ,

i3
d

)
.

By associating the Bézier ordinates bi1i2i3 with the Bézier domain points ξi1i2i3 , one can display
the Bernstein-Bézier representation schematically. The piecewise linear interpolant of the Bézier
control points, defined as bi1i2i3 = (ξi1i2i3 , bi1i2i3), is called the Bézier control net. This control
net is tangent to the polynomial surface at the three vertices.
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The disk Dr of radius r around vertex V1 of T is the set of domain points defined by

Dr(V1) = {ξi1i2i3 : i1 ≥ d− r}. (2.4)

Given a triangulation ∆, then the disk Dr(V1) in ∆ is defined as the set of all domain points
in (2.4) for each triangle in ∆ having V1 as a vertex. The row Er at distance r parallel to edge
e12 = 〈V1, V2〉 in T is the set of domain points defined by

Er(e12) = {ξi1i2i3 : i3 = r}. (2.5)

In the sequel, if we refer to a Bézier ordinate in a disk or on a row, then we actually mean a Bézier
ordinate whose corresponding domain point is in that location.

Smoothness conditions are often required between adjoining polynomial patches. Consider a second
polynomial p̃d defined on the domain triangle T̃ (V4, V3, V2). Let σ = (σ1, σ2, σ3) be the barycentric
coordinates of point V4 with respect to triangle T (V1, V2, V3). In order to get Cµ-continuity between
pd and p̃d across the edge V2 − V3, the Bézier ordinates b̃i1i2i3 of p̃d must satisfy the conditions

b̃m,i2,i3 =
∑

j1+j2+j3=m

bj1,i3+j2,i2+j3B
m
j1j2j3(σ), (2.6)

for each m = 0, . . . , µ, and i2 + i3 = d−m. We refer to [2, 3] for more details.

2.2 The blossom of polynomials

The blossom (or polar form) of a polynomial pd(τ), denoted by Pd(τ
1, τ2, . . . , τd), is completely

characterized by the following three properties (see, e.g., [7, 10] for more details):

Property 2.1. The blossom is symmetric with respect to any permutation π of its d arguments,

Pd(τ
1, τ2, . . . , τd) = Pd(π(τ

1, τ2, . . . , τd)).

Property 2.2. The blossom is multi-affine, i.e. affine in each of its d arguments. For example,

Pd(a τ + b σ, τ2, . . . , τd) = aPd(τ, τ
2, . . . , τd) + bPd(σ, τ

2, . . . , τd),

for a+ b = 1.

Property 2.3. The restriction of the blossom to the diagonal gives the polynomial pd,

pd(τ) = Pd(τ, τ, . . . , τ).

Let τ l = (τ l1, τ
l
2, τ

l
3) for l = 1, . . . , d. One can verify that the blossom of pd can be written as

Pd(τ
1, τ2, . . . , τd) =

∑

i1+i2+i3=d

bi1i2i3
∑

π∈Πd
i1i2i3

d∏

l=1

τ lπ(l), (2.7)

where bi1i2i3 are the Bézier ordinates of pd given in (2.2), and Πd
i1i2i3

is the set of all unique
permutations of (

1, . . . , 1︸ ︷︷ ︸
i1 times

, 2, . . . , 2︸ ︷︷ ︸
i2 times

, 3, . . . , 3︸ ︷︷ ︸
i3 times

)
. (2.8)

Note that multi-set (2.8) has d!
i1!i2!i3!

unique permutations, and each π ∈ Πd
i1i2i3

consists of d
elements.



2 BIVARIATE POLYNOMIALS ON TRIANGLES 4

The multi-affine de Casteljau algorithm can be used for the evaluation of the blossom. The de
Casteljau algorithm computes Pd(τ

1, τ2, . . . , τd) as follows:

Pd(τ
1, τ2, . . . , τd) = b

[d]
0,0,0, (2.9a)

where
b
[0]
i1,i2,i3

= bi1i2i3 , (2.9b)

for i1 + i2 + i3 = d, and

b
[m]
i1,i2,i3

= τm1 b
[m−1]
i1+1,i2,i3

+ τm2 b
[m−1]
i1,i2+1,i3

+ τm3 b
[m−1]
i1,i2,i3+1, (2.9c)

for i1 + i2 + i3 = d − m, and m = 1, . . . , d. This algorithm allows us to evaluate the blossom at
points inside the domain triangle in a stable way, using only convex combinations.

One can also use the blossom to find the Bernstein-Bézier form of a polynomial pd with respect to
another (usually finer) triangle. Let T (V1, V2, V3) be a given triangle, and let bi1i2i3 , i1+i2+i3 = d,
be the Bézier ordinates of pd with respect to T . Consider a second triangle, whose vertices Wl,
l = 1, 2, 3, have σl = (σl

1, σ
l
2, σ

l
3) as barycentric coordinates with respect to the former triangle T .

The Bézier ordinates di1i2i3 of pd related to the new triangle can be compactly written as

di1i2i3 = Pd

(
σ1, . . . , σ1

︸ ︷︷ ︸
i1 times

, σ2, . . . , σ2

︸ ︷︷ ︸
i2 times

, σ3, . . . , σ3

︸ ︷︷ ︸
i3 times

)
, (2.10)

for all i1 + i2 + i3 = d. If the new triangle is a smaller triangle inside the original domain
triangle T , then expression (2.10) is a convex combination of the original ordinates, for any choice
i1 + i2 + i3 = d. In this way the blossom can be used for subdividing the polynomial onto a
triangular partition of T .

Blossoming can also be used to describe directional derivatives of a polynomial (2.2). The m-th
order (mixed) directional derivative of polynomial pd with respect to the unit barycentric directions
δi, i = 1, . . . ,m, related to triangle T can be compactly expressed as

Dm
δ1,...,δmpd(τ) =

d!

(d−m)!
Pd

(
τ, τ, . . . , τ︸ ︷︷ ︸
d−m times

, δ1, . . . , δm
)
, (2.11)

where the m barycentric directions δi and (d −m) times the barycentric coordinates τ are taken
as the arguments of the blossom.

We end this section by formulating three theorems.

Theorem 2.1. Let τ l = (τ l1, τ
l
2, τ

l
3), l = 1, . . . , d, be barycentric coordinates with respect to a

triangle T1, and let Pd(τ
1, τ2, . . . , τd) be the blossom of a given polynomial pd defined on T1. The

Bézier ordinates of pd are denoted by bi1i2i3 , i1 + i2 + i3 = d. If these ordinates can be expressed
in terms of a blossom Qd related to another triangle T2,

bi1i2i3 = Qd

(
σ1, . . . , σ1

︸ ︷︷ ︸
i1 times

, σ2, . . . , σ2

︸ ︷︷ ︸
i2 times

, σ3, . . . , σ3

︸ ︷︷ ︸
i3 times

)
, (2.12)

where σl = (σl
1, σ

l
2, σ

l
3), l = 1, 2, 3, are given barycentric coordinates with respect to T2, then

Pd(τ
1, τ2, . . . , τd) = Qd

( 3∑

l=1

τ1l σ
l,

3∑

l=1

τ2l σ
l, . . . ,

3∑

l=1

τdl σ
l

)
. (2.13)
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Proof. The blossom Pd(τ
1, τ2, . . . , τd) can be evaluated using the multi-affine de Casteljau algo-

rithm. By (2.9b) and (2.12) we have

b
[0]
i1,i2,i3

= Qd

(
σ1, . . . , σ1

︸ ︷︷ ︸
i1 times

, σ2, . . . , σ2

︸ ︷︷ ︸
i2 times

, σ3, . . . , σ3

︸ ︷︷ ︸
i3 times

)
,

for all i1 + i2 + i3 = d. After one step in the de Casteljau algorithm we obtain

b
[1]
i1,i2,i3

= τ11 b
[0]
i1+1,i2,i3

+ τ12 b
[0]
i1,i2+1,i3

+ τ13 b
[0]
i1,i2,i3+1,

for all i1 + i2 + i3 = d− 1, and using the multi-affinity and symmetry property of blossom Qd this
can be written as

b
[1]
i1,i2,i3

= Qd

(
τ11 σ1 + τ12 σ2 + τ13 σ3, σ1, . . . , σ1

︸ ︷︷ ︸
i1 times

, σ2, . . . , σ2

︸ ︷︷ ︸
i2 times

, σ3, . . . , σ3

︸ ︷︷ ︸
i3 times

)
.

Repeating the same argument for each step in the de Casteljau algorithm, we get

b
[m]
i1,i2,i3

= Qd

( 3∑

l=1

τ1l σ
l, . . . ,

3∑

l=1

τml σl, σ1, . . . , σ1

︸ ︷︷ ︸
i1 times

, σ2, . . . , σ2

︸ ︷︷ ︸
i2 times

, σ3, . . . , σ3

︸ ︷︷ ︸
i3 times

)
,

for i1 + i2 + i3 = d − m and m = 1, . . . , d. Equality (2.13) follows from the last step in the de

Casteljau algorithm, Pd(τ
1, τ2, . . . , τd) = b

[d]
0,0,0.

Theorem 2.2. Let τ l = (τ l1, τ
l
2, τ

l
3), l = 1, . . . , d, be barycentric coordinates with respect to a

triangle T1, and let Pd(τ
1, τ2, . . . , τd) be the blossom of a given polynomial pd defined on T1. The

Bézier ordinates of pd are denoted by bi1i2i3 , i1+ i2+ i3 = d. Suppose that some of these ordinates
can be expressed in terms of a blossom Qd related to another triangle T2:

bi1+m,i2,i3 = Qd

(
σ1, . . . , σ1

︸ ︷︷ ︸
i1 times

, σ2, . . . , σ2

︸ ︷︷ ︸
i2 times

, σ3, . . . , σ3

︸ ︷︷ ︸
i3 times

, ρ1, ρ2, . . . , ρm
)
, (2.14)

for a given m < d and all i1 + i2 + i3 = d − m. Here, σl = (σl
1, σ

l
2, σ

l
3), l = 1, 2, 3, and ρl =

(ρl1, ρ
l
2, ρ

l
3), l = 1, . . . ,m, are given barycentric coordinates with respect to T2. Then,

Pd

(
τ1, . . . , τd−m, e1, . . . , e1︸ ︷︷ ︸

m times

)
= Qd

( 3∑

l=1

τ1l σ
l, . . . ,

3∑

l=1

τd−m
l σl, ρ1, . . . , ρm

)
, (2.15)

with e1 = (1, 0, 0).

Proof. We evaluate blossom Pd in (2.15) with the aid of the multi-affine de Casteljau algorithm.
Because of the symmetry property of the blossom, we are allowed to use the barycentric coordinates
e1 in the first m steps of the algorithm. Then, by (2.9b)–(2.9c) and (2.14) we obtain

b
[m]
i1,i2,i3

= b
[0]
i1+m,i2,i3

= Qd

(
σ1, . . . , σ1

︸ ︷︷ ︸
i1 times

, σ2, . . . , σ2

︸ ︷︷ ︸
i2 times

, σ3, . . . , σ3

︸ ︷︷ ︸
i3 times

, ρ1, . . . , ρm
)
,
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for all i1 + i2 + i3 = d − m. We can proceed as in the proof of Theorem 2.1 for the remaining
barycentric coordinates τ l, l = 1, . . . , d−m. The next step in the de Casteljau algorithm gives us
for each i1 + i2 + i3 = d−m− 1,

b
[m+1]
i1,i2,i3

= τ11 b
[0]
i1+m+1,i2,i3

+ τ12 b
[0]
i1+m,i2+1,i3

+ τ13 b
[0]
i1+m,i2,i3+1

= Qd

( 3∑

l=1

τ1l σ
l, σ1, . . . , σ1

︸ ︷︷ ︸
i1 times

, σ2, . . . , σ2

︸ ︷︷ ︸
i2 times

, σ3, . . . , σ3

︸ ︷︷ ︸
i3 times

, ρ1, . . . , ρm
)
,

using the multi-affinity and symmetry property of the blossom. Repeating this argument for each
τ l, l = 2, . . . , d−m, we obtain the equality (2.15).

Theorem 2.3. Let pd1 be a polynomial of degree d1 defined on the triangle T1(V1, V2, V3), and let
pd2 be a polynomial of degree d2 defined on the triangle T2(V1,W2,W3), where d2 ≤ d1 and

W2 =
d1 − d2

d1
V1 +

d2
d1

V2, W3 =
d1 − d2

d1
V1 +

d2
d1

V3.

The Bézier ordinates of pd1 are denoted by bi1i2i3 , i1 + i2 + i3 = d1, and the Bézier ordinates of
pd2 are denoted by di1i2i3 , i1 + i2 + i3 = d2. If

Da
xD

b
y pd1(V1) =

(
d1

a+ b

)

(
d2

a+ b

)
(
d2
d1

)a+b

Da
xD

b
y pd2(V1), (2.16)

for a given value 0 ≤ µ ≤ d2 and all 0 ≤ a+ b ≤ µ, then

bd1−µ+i1,i2,i3 = dd2−µ+i1,i2,i3 , (2.17)

for all i1 + i2 + i3 = µ.

Proof. Let δx and δy be the unit barycentric directions with respect to triangle T1 in the x- and
y-direction. Let ǫx and ǫy be the unit barycentric directions with respect to triangle T2 in the x-
and y-direction. Because of the definition of the triangles, we know that

ǫx =
d1
d2

δx, ǫy =
d1
d2

δy. (2.18)

The barycentric coordinates of V1 are identical with respect to both triangles, and they are denoted
by e1 = (1, 0, 0). Let Pd1 and Pd2 be the blossoms of polynomials pd1 and pd2 , respectively. By
(2.11) we have

Da
xD

b
y pd1(V1) =

d1!

(d1 − a− b)!
Pd1

(
e1, e1, . . . , e1︸ ︷︷ ︸

(d1 − a− b) times

, δx, . . . , δx︸ ︷︷ ︸
a times

, δy, . . . , δy︸ ︷︷ ︸
b times

)
,

and by using (2.18) we also have

Da
xD

b
y pd2(V1) =

d2!

(d2 − a− b)!

(
d1
d2

)a+b

Pd2

(
e1, e1, . . . , e1︸ ︷︷ ︸

(d2 − a− b) times

, δx, . . . , δx︸ ︷︷ ︸
a times

, δy, . . . , δy︸ ︷︷ ︸
b times

)
.
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Because of (2.16), it follows that for all 0 ≤ a+ b ≤ µ

Pd1

(
e1, e1, . . . , e1︸ ︷︷ ︸
(d1 − µ) times

, e1, e1, . . . , e1︸ ︷︷ ︸
(µ− a− b) times

, δx, . . . , δx︸ ︷︷ ︸
a times

, δy, . . . , δy︸ ︷︷ ︸
b times

)

= Pd2

(
e1, e1, . . . , e1︸ ︷︷ ︸
(d2 − µ) times

, e1, e1, . . . , e1︸ ︷︷ ︸
(µ− a− b) times

, δx, . . . , δx︸ ︷︷ ︸
a times

, δy, . . . , δy︸ ︷︷ ︸
b times

)
,

and using (2.7) we get for all 0 ≤ a+ b ≤ µ

∑

i1+i2+i3=µ

(bd1−µ+i1,i2,i3 − dd2−µ+i1,i2,i3)
∑

π∈Πµ
i1i2i3

µ−a−b∏

l=1

e1π(l)

µ−b∏

l=µ−a−b+1

δxπ(l)

µ∏

l=µ−b+1

δyπ(l) = 0.

We have
(
µ+2
2

)
linearly independent constraints involving only the Bézier ordinates bd1−µ+i1,i2,i3

and dd2−µ+i1,i2,i3 with i1 + i2 + i3 = µ. This linear system implies (2.17).

3 A family of smooth spline spaces over PS-triangulations

Consider a simply connected subset Ω ⊂ R2 with polygonal boundary ∂Ω. Let ∆ be a conforming
triangulation ∆ of Ω, where no triangle contains a vertex different from its own three vertices. Let
nv, nt and ne be the number of vertices, triangles and edges in ∆, respectively.

A Powell-Sabin (PS-) refinement ∆∗ of the triangulation ∆ partitions each triangle Tj ∈ ∆ into
six smaller triangles in the following way [1, 6]:

1. Choose an interior point Zj in each triangle Tj , so that if two triangles Ti and Tj have
a common edge, then the line joining Zi and Zj intersects the common edge at a point
between its vertices. For instance, one can take Zj as the incentre of Tj .

2. Join each point Zj to the vertices of Tj .
3. For each edge of the triangle Tj

(a) which is common to a triangle Ti: join Zj to the intersection point of that edge and the
line Zi − Zj .

(b) which belongs to the boundary ∂Ω: join Zj to an arbitrary point on that edge.

The obtained subtriangles are denoted by T ∗ ∈ ∆∗.

Given 0 ≤ r < d, the spline space of degree d on ∆∗ with global Cr-continuity is denoted by

Sr
d(∆

∗) = {s ∈ Cr(Ω) : s|T ∗ ∈ Pd, T ∗ ∈ ∆∗} . (3.1)

We consider a particular subspace of Sr
d(∆

∗) with additional smoothness around some vertices and
edges. Let V = {Vi}nv

i=1 be the set of vertices in ∆, let Z∗ = {Zi}nt

i=1 be the set of triangle split
points in ∆∗, and let E∗ be the set of all edges in ∆∗ that connect a triangle split point Zi to an
edge split point. Given 0 ≤ r ≤ ρ < d, the space Sr,ρ

d (∆∗) of supersmooth splines on ∆∗ is defined
by

Sr,ρ
d (∆∗) = {s ∈ Sr

d(∆
∗) : s ∈ Cρ(W ), W ∈ (V ∪ Z∗); s ∈ Cρ(e), e ∈ E∗} . (3.2)

Here, Cρ(W ) means that the polynomials on triangles in ∆∗ sharing the vertex W have common
derivatives up to order ρ at that vertex. Analogously, Cρ(e) means that the polynomials on
triangles in ∆∗ sharing the edge e have common derivatives up to order ρ along that edge.



3 A FAMILY OF SMOOTH SPLINE SPACES OVER PS-TRIANGULATIONS 8

V1
R12

V2

Zk

R31
R23

V3

Figure 1: A Powell-Sabin split of a triangle Tk(V1, V2, V3) drawn with dashed lines.

In this paper we focus on spline spaces Sr,ρ
d (∆∗) of arbitrary smoothness r ≥ 1, and

d = 3r − 1, ρ = 2r − 1. (3.3)

Such a space will be referred to as Powell-Sabin spline space of smoothness r, or PSr-spline space.
It will be denoted by Sr(∆∗). A spline s(x, y) ∈ Sr(∆∗) can be defined by means of the following
Hermite interpolation problem.

Theorem 3.1. There exists a unique spline s(x, y) ∈ Sr(∆∗) satisfying

Da
xD

b
y s(Vl) = fxayb,l, 0 ≤ a+ b ≤ 2r − 1, l = 1, . . . , nv, (3.4a)

and
Da

xD
b
y s(Zm) = gxayb,m, 0 ≤ a+ b ≤ r − 2, m = 1, . . . , nt, (3.4b)

for a given set of fxayb,l-values and gxayb,m-values. A PSr-spline is uniquely defined by means of
its derivatives up to order 2r− 1 at the nv vertices Vl in ∆ and its derivatives up to order r− 2 at
the nt triangle split points Zm in ∆∗.

Proof. We give an explicit construction of the spline s(x, y) ∈ Sr(∆∗) satisfying (3.4) in terms of
its Bernstein-Bézier representation. We begin by considering a single macro-triangle Tk(V1, V2, V3)
in ∆, as shown in Figure 1. On each of the six subtriangles, the spline is a polynomial of degree
3r−1 that can be represented in its Bernstein-Bézier formulation, i.e. with d = 3r−1 in equations
(2.2) and (2.3). The Bernstein-Bézier representation of s(x, y) on macro-triangle Tk is illustrated in
Figure 2 for r = 4. We now show that the Bézier ordinates in this representation on Tk are uniquely
determined by the interpolation conditions (3.4) and the spline smoothness conditions (3.2).

From the Bernstein-Bézier theory and the C2r−1-smoothness at vertex Vl, we know that the set of
derivatives (3.4a) at Vl uniquely specifies the Bézier ordinates corresponding to the domain points
in the disk D2r−1(Vl) for each l = 1, 2, 3. These three disks are shaded in Figure 2, and their
domain points are indicated by the bullets � and �.
By the C2r−1-smoothness at triangle split point Zk we can regard the Bézier ordinates of s in the
disk D2r−1(Zk) as the ordinates (after subdivision) of a single polynomial p of degree 2r−1 defined
on the triangle T̃k(W1,W2,W3) where

Wi =
2r − 1

3r − 1
Vi +

r

3r − 1
Zk, (3.5)
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Figure 2: Schematic representation of the Bézier ordinates of a spline s ∈ Sr (with r = 4) on the
macro-triangle Tk shown in Figure 1. The points indicated by filled bullets � and filled triangles N
form a minimal determining set.

for i = 1, 2, 3. The disk D2r−1(Zk) is also shaded in Figure 2, and the corresponding domain points
are indicated by the triangles △ and N. Considering only domain points in this disk, we note that
the Bézier ordinates related to domain points in Dr−1(Wi), i = 1, 2, 3, are already determined by
our construction. This can be verified in Figure 2 by considering the overlap of the shaded regions.
The ordinates related to domain points in Dr−2(Zk) are specified by the interpolation conditions
(3.4b). This gives us a total of

3

(
r + 1

2

)
+

(
r

2

)
=

(
2r + 1

2

)
(3.6)

independent constraints. They completely specify polynomial p, which has degree 2r−1 and whose
number of degrees of freedom is equal to (3.6).

For each edge eij = 〈Vi, Vj〉 of Tk, the remaining Bézier ordinates on Tk associated with domain
points on the rows 0, 1, . . . , r−1 parallel to eij are found by using the C2r−1-smoothness conditions
across the interior edge 〈Rij , Zk〉, with Rij the split point on edge eij , see Figure 1. These domain
points are indicated in Figure 2 by squares 2. Fix 0 ≤ m ≤ r − 1, then the central 4r − 1 Bézier
ordinates on row Em parallel to e12 can be regarded as the Bézier ordinates (after subdivision) of
a single onedimensional polynomial p̂ of degree 2r − 1 defined over the line segment between the
points Ŵ1 and Ŵ2,

Ŵj =
2r − 1

3r − 1
Vj +

r −m

3r − 1
R12 +

m

3r − 1
Zk, (3.7)

j = 1, 2. Of these 4r − 1 Bézier ordinates, we know that 2r ordinates are already determined by
the interpolation conditions (3.4a) at V1 and V2. This implies that polynomial p̂ of degree 2r − 1
is completely specified as well.

By the above construction, we can uniquely determine the Bézier ordinates on each macro-triangle
Tk ∈ ∆ separately. It remains to check that the Cr-smoothness conditions across the common edge
of any pair of neighbouring macro-triangles in ∆ are satisfied. These conditions, see (2.6), involve
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the Bézier ordinates corresponding to domain points in the rows 0, 1, . . . , r parallel to that edge.
Let T ∗

1 (V1, R12, Z), T ∗
2 (V2, R12, Z), T ∗

3 (V1, R12, Z̃) and T ∗
4 (V2, R12, Z̃) be the four subtriangles in

∆∗ sharing edge 〈V1, V2〉. By the construction of the PS-triangulation, we know that R12 is the
intersection point between the lines 〈V1, V2〉 and 〈Z, Z̃〉. Let bji1i2i3 be the Bézier ordinates related

to subtriangle T ∗
j , i1 + i2 + i3 = 3r− 1 and j = 1, 2, 3, 4. Let αi3

n be such that the Cr-smoothness
conditions across 〈V1, R12〉 and 〈V2, R12〉 are given by

b3i1i2i3 =

i3∑

n=0

αi3
n b1i1,3r−1−n−i1,n, (3.8a)

b4i1i2i3 =

i3∑

n=0

αi3
n b2i1,3r−1−n−i1,n, (3.8b)

for any 0 ≤ i3 ≤ r and i1 + i2 + i3 = 3r − 1. Note that the weights αi3
n are the same in (3.8a)

and (3.8b). Because of (3.4a) and the C2r−1-smoothness at the vertices V1 and V2, the conditions
in (3.8) with i1 ≥ r are automatically satisfied. These conditions connect Bézier ordinates inside
disk D2r−1(V1) or disk D2r−1(V2). We now show that the conditions in (3.8a) are also satisfied
for i1 < r. Because of the C2r−1-smoothness across edge 〈R12, Z〉 we can represent b1i1i2i3 for any
0 ≤ i1 < r, 0 ≤ i3 ≤ r and i1 + i2 + i3 = 3r − 1 by

b1i1i2i3 =

r−1∑

m=0

βi1
m b1r+m,2r−1−m−i3,i3 +

r−1∑

m=0

γi1
m b2r+m,2r−1−m−i3,i3 , (3.9)

with particular weights βi1
m and γi1

m. Analogously, because of the C2r−1-smoothness across edge
〈R12, Z̃〉 we can represent b3i1i2i3 for any 0 ≤ i1 < r, 0 ≤ i3 ≤ r and i1 + i2 + i3 = 3r − 1 by

b3i1i2i3 =
r−1∑

m=0

βi1
m b3r+m,2r−1−m−i3,i3 +

r−1∑

m=0

γi1
m b4r+m,2r−1−m−i3,i3 , (3.10)

with the same weights βi1
m and γi1

m as in (3.9). We already know that the conditions in (3.8) hold
for i1 ≥ r. Thus, combining (3.8)–(3.10), we get for i1 < r

b3i1i2i3 =
r−1∑

m=0

βi1
m

(
i3∑

n=0

αi3
n b1r+m,2r−1−n−m,n

)
+

r−1∑

m=0

γi1
m

(
i3∑

n=0

αi3
n b2r+m,2r−1−n−m,n

)

=

i3∑

n=0

αi3
n

(
r−1∑

m=0

βi1
m b1r+m,2r−1−n−m,n +

r−1∑

m=0

γi1
m b2r+m,2r−1−n−m,n

)

=

i3∑

n=0

αi3
n b1i1,3r−1−n−i1,n.

Using a similar argument, we can also prove that the conditions in (3.8b) are satisfied for i1 < r.

We can conclude that the above construction of the Bernstein-Bézier representation of s(x, y) shows
that conditions (3.4) are sufficient and necessary to specify (all Bézier ordinates of) a Powell-Sabin
spline s(x, y) uniquely on ∆∗.

Remark 3.1. By the constructive nature of the proof of Theorem 3.1, one can easily define a
stable local minimal determining set of Bézier domain points. A minimal determining set is a
minimal subset of Bézier domain points ξi, such that if the corresponding Bézier ordinates bi in
the Bernstein-Bézier representation of a spline s ∈ Sr are equal to zero then the spline s must be
zero (see [3]). Such a minimal determining set is illustrated in Figure 2. The points in this set are
indicated by filled bullets � and filled triangles N.
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The dimension of the space Sr(∆∗) follows immediately from Theorem 3.1.

Theorem 3.2. The dimension of Sr(∆∗) is given by

dim Sr(∆∗) = r(2r + 1)nv +
r(r − 1)

2
nt. (3.11)

Proof. By Theorem 3.1 we know that the spline space Sr(∆∗) has
(
2r+1
2

)
degrees of freedom for

each vertex Vl and
(
r
2

)
degrees of freedom for each triangle split point Zm.

The spline space Sr(∆∗) has also an optimal approximation order. Let ‖ · ‖Lp be the Lp-norm on
Ω, and let | · |Wk

p
be the usual semi-norm in the Sobolev space W k

p (Ω), i.e.,

|v|Wk
p
=

( ∑

a+b=k

‖Da
xD

b
yv‖pLp

)1/p

. (3.12)

Theorem 3.3. For every 0 ≤ k ≤ d := 3r − 1, there exists an interpolation operator Ir :
W k+1

p (Ω) → Sr(∆∗) such that

‖Da
xD

b
y(f − Irf)‖Lp ≤ K |∆|k+1−a−b |f |Wk+1

p
, (3.13)

for every function f ∈ W k+1
p (Ω), with 0 ≤ a + b ≤ k and |∆| the mesh size of ∆. If Ω is convex

then the constant K depends only on r, p, k and on the smallest angle in ∆∗. If Ω is non-convex,
it also depends on the Lipschitz constant L∂Ω associated with the boundary of Ω.

Proof. Using the techniques provided in Chapters 5 and 8 of [3], the result follows immediately
from the construction of a stable local minimal determining set (see Remark 3.1).

The spline space Sr(∆∗) with r = 1 (d = 2, ρ = 1) is the well-known quadratic Powell-Sabin spline
space, see [1, 6, 9], and the space with r = 2 (d = 5, ρ = 3) is the quintic Powell-Sabin spline space
constructed in [11].

4 Normalized Powell-Sabin B-splines

In this section we look for a suitable B-spline representation of s(x, y) ∈ Sr(∆∗),

s(x, y) =

nv∑

i=1

∑

j1+j2+j3=2r−1

cv,ri,j1j2j3
Bv,r

i,j1j2j3
(x, y) +

nt∑

k=1

∑

j1+j2+j3=r−2

ct,rk,j1j2j3
Bt,r

k,j1j2j3
(x, y), (4.1)

in which the basis functions Bv,r
i,j1j2j3

(x, y) and Bt,r
k,j1j2j3

(x, y) have a local support and form a

convex partition of unity, i.e., they are nonnegative and sum up to one. We will call Bv,r
i,j1j2j3

(x, y)

and Bt,r
k,j1j2j3

(x, y) a Powell-Sabin B-spline with respect to vertex Vi and triangle Tk, respectively.
We first describe the construction of the Powell-Sabin B-splines, and then we show some properties.
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4.1 Construction of the basis

Let Mi be the molecule (also called 1-ring or cell) of vertex Vi, defined as the union of all triangles
in ∆ that contain Vi. Let N

v and N t be defined by

Nv =

(
2r + 1

2

)
, N t =

(
r

2

)
. (4.2)

With each vertex Vi we associate N
v linearly independent sets Ai,j1j2j3 consisting of Nv elements,

i.e.,
Ai,j1j2j3 =

{
αab
i,j1j2j3 , 0 ≤ a+ b ≤ 2r − 1

}
, (4.3)

for all j1 + j2 + j3 = 2r − 1. With each triangle Tk we associate N t linearly independent sets
Bk,j1j2j3 consisting of N t elements, i.e.,

Bk,j1j2j3 =
{
βab
k,j1j2j3 , 0 ≤ a+ b ≤ r − 2

}
, (4.4)

for all j1 + j2 + j3 = r − 2. These sets are constructed as follows.

1. For each vertex Vi in ∆, identify the so-called PSr-points. They are defined as

Sil =
r

3r − 1
Vi +

2r − 1

3r − 1
Vl, (4.5)

for all vertices Vl that are situated at the boundary of the molecule Mi of Vi. The vertex Vi

itself is also a PSr-point.

2. For each vertex Vi, find a triangle ti(Qi,1, Qi,2, Qi,3) that contains all the PSr-points of Vi.
Denote its vertices by Qi,j = (Xi,j , Yi,j). The triangles ti, i = 1, . . . , nv, will be called
PSr-triangles.

3. For each vertex Vi, consider the N
v Bernstein basis polynomials (2.3) of degree 2r−1 defined

on PSr-triangle ti. Each set Ai,j1j2j3 , j1+ j2+ j3 = 2r−1, is then related to the function and
derivative values up to order 2r− 1 of one of these Bernstein basis polynomials evaluated at
the point Vi:

αab
i,j1j2j3 =

(
3r − 1

a+ b

)

(
2r − 1

a+ b

)
(
2r − 1

3r − 1

)a+b

Da
xD

b
y B

2r−1
j1j2j3

(Vi), (4.6)

for all 0 ≤ a+ b ≤ 2r − 1.

4. For each triangle Tk(V1, V2, V3), consider the Nv Bernstein basis polynomials (2.3) of degree
2r−1 defined on the triangle with vertices Wi, i = 1, 2, 3, as given in (3.5). Each set Bk,j1j2j3 ,
j1 + j2 + j3 = r − 2, is then related to the function and derivative values up to order r − 2
of one of these Bernstein basis polynomials evaluated at the split point Zk of macro-triangle
Tk:

βab
k,j1j2j3 =

(
3r − 1

a+ b

)

(
2r − 1

a+ b

)
(
2r − 1

3r − 1

)a+b

Da
xD

b
y B

2r−1
r−1−j1,r−1−j2,r−1−j3

(Zk), (4.7)

for all 0 ≤ a+ b ≤ r − 2.
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(a)

(b)

Figure 3: Schematic representation of the Bézier ordinates of (a) a PSr B-spline with respect to a
vertex and (b) a PSr B-spline with respect to a triangle, for r = 4, on the macro-triangle Tk shown
in Figure 1. Bézier ordinates that are known to be zero are indicated by open bullets �; other
ordinates are indicated by filled bullets �. The Bernstein-Bézier representation of the polynomial
p used for the computation of the ordinates corresponding to disk D2r−1(Zk) is also given.
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We remark that the PSr-triangles are not uniquely defined. An optimization strategy can be used
to select triangles of minimal area, as has been suggested in the case r = 1 and r = 2, see [1, 11].
Constructing such triangles of minimal area is equivalent to solving a quadratic programming
problem.

The basis functions Bv,r
i,j1j2j3

(x, y) and Bt,r
k,j1j2j3

(x, y) are then constructed in the following way:

1. The B-spline Bv,r
i,j1j2j3

(x, y) with respect to vertex Vi is defined as the unique solution of

interpolation problem (3.4) with all fxayb,l = 0, except for l = i, where fxayb,i = αab
i,j1j2j3 ,

and with all gxayb,m = 0, except for any m such that Tm ∈ Mi, where gxayb,m = γab
i,m,j1j2j3

.

The values αab
i,j1j2j3

are determined by the PSr-triangle ti, see (4.6). The values γab
i,m,j1j2j3

are specified with the aid of the Bernstein-Bézier representation of the B-spline as follows.

We consider a macro-triangle Tm(V1, V2, V3) in the molecule M1 of V1, as illustrated in Fig-
ure 1, and the B-spline Bv,r

1,j1j2j3
(x, y) associated with vertex V1. The corresponding Bézier

ordinates are schematically represented in Figure 3(a) for r = 4. Bézier ordinates, that are
known to be zero, are indicated by open bullets � in the figure. The other ordinates are
indicated by filled bullets �. Because of the C2r−1-smoothness at vertex V1, the Bézier or-
dinates in the disk D2r−1(V1) are completely determined by the set of values A1,j1j2j3 . The
Bézier ordinates in the disk D2r−1(Zm) can be regarded as ordinates (after subdivision) of
a single polynomial p of degree 2r − 1 defined on the triangle with vertices Wi, i = 1, 2, 3,
given in (3.5). The polynomial p is defined on this triangle by means of its Bernstein-Bézier
representation. Let bi1i2i3 , i1+ i2+ i3 = 2r−1, be the Bézier ordinates in this representation.
All ordinates bi1i2i3 with i1 < r are taken to be zero. The values of the ordinates bi1i2i3 with
i1 ≥ r are uniquely determined by the (subdivision) relation between them and the Bézier
ordinates in the disk D2r−1(V1) of the B-spline (which are specified by the set A1,j1j2j3).
The zero and nonzero ordinates bi1i2i3 are illustrated on the triangle shown on the right in
Figure 3(a).

The value of γab
1,m,j1j2j3

related to triangle Tm is then obtained by evaluating the polynomial
p of degree 2r − 1 and its derivatives at split point Zm:

γab
1,m,j1j2j3 =

(
3r − 1

a+ b

)

(
2r − 1

a+ b

)
(
2r − 1

3r − 1

)a+b

Da
xD

b
y p(Zm). (4.8)

2. The B-spline Bt,r
k,j1j2j3

(x, y) with respect to triangle Tk is defined as the unique solution of
interpolation problem (3.4) with all fxayb,l = 0 and with all gxayb,m = 0, except for m = k,
where gxayb,k = βab

k,j1j2j3
. The values βab

k,j1j2j3
are defined by (4.7).

To illustrate the Bernstein-Bézier representation of this B-spline, we consider again the tri-
angle Tk(V1, V2, V3) shown in Figure 1. The corresponding Bézier ordinates are schematically
represented in Figure 3(b) for r = 4. Most of these ordinates are zero. The Bézier ordi-
nates in the disk D2r−1(Zk) are found by subdivision of a polynomial p of degree 2r − 1
defined on the triangle with vertices Wi, i = 1, 2, 3, given in (3.5). In the Bernstein-Bézier
representation of p on this triangle, the Bézier ordinates in the neighbourhood of Wi are
zero. The corresponding domain points are highlighted on the triangle shown on the right in
Figure 3(b).

In Section 5.2 we will provide a more elegant and practical way to compute the Bernstein-Bézier
representation of a Powell-Sabin spline s ∈ Sr(∆∗) in representation (4.1), and thus also of a
normalized B-spline.
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4.2 Some properties of the Powell-Sabin B-splines

In this section we mainly focus on the Powell-Sabin B-spline Bv,r
1,j1j2j3

(x, y) with respect to vertex

V1, and the B-spline Bt,r
k,j1j2j3

(x, y) with respect to triangle Tk(V1, V2, V3), as shown in Figure 1.
We assume that the points indicated in this figure have the following barycentric coordinates with
respect to Tk:

V1 = (1, 0, 0), V2 = (0, 1, 0), V3 = (0, 0, 1), Zk = (z1, z2, z3),

R12 = (λ12, λ21, 0), R23 = (0, λ23, λ32), R31 = (λ13, 0, λ31). (4.9)

We first formulate some lemmata with regard to the Bernstein-Bézier representation of the B-
splines.

Lemma 4.1. The Bézier ordinates corresponding to domain points in the disk D2r−1(V1) of a
Powell-Sabin B-spline Bv,r

1,j1j2j3
(x, y) in Bernstein-Bézier form can be regarded as the Bézier ordi-

nates (after subdivision) of the Bernstein basis polynomial B2r−1
j1j2j3

(x, y) of degree 2r− 1 defined on
the PSr-triangle t1 of vertex V1. These Bézier ordinates are nonnegative.

Proof. From definition (4.6) and Theorem 2.3 (with d1 = 3r − 1 and µ = d2 = 2r − 1), it follows
that the Bézier ordinates in the disk D2r−1(V1) of the Powell-Sabin B-spline Bv,r

1,j1j2j3
(x, y) can be

regarded as the Bézier ordinates (after subdivision) of a Bernstein basis polynomial defined on the
PSr-triangle.

We now prove that these ordinates are nonnegative. To this end, we first show that the domain
points in the disk D2r−1(V1) are contained in the PSr-triangle t1 of vertex V1. Let Tk(V1, V2, V3)
be a macro-triangle in the molecule M1 of V1, as indicated in Figure 1. The domain points inside
disk D2r−1(V1) in Tk are defined by

τ1V1 + τ2R12 + τ3Zk, or τ1V1 + τ2R13 + τ3Zk,

for some r
3r−1 ≤ τ1, 0 ≤ τ2, 0 ≤ τ3, τ1 + τ2 + τ3 = 1. By the definition of the PSr-triangle t1 we

know that it contains the triangle spanned by the PSr-points V1, S12 and S13, see (4.5). It is easy
to see that the considered domain points are all inside this triangle. It follows that the barycentric
coordinates of these points with respect to the PSr-triangle are nonnegative. We can use a similar
argument for all other triangles in the molecule M1 of V1.

Any Bernstein basis polynomial is nonnegative on its domain triangle. Its blossom
B2r−1(τ

1, . . . , τ2r−1) is nonnegative when the barycentric coordinates τ l, l = 1, . . . , 2r − 1, are
nonnegative. Applying subdivision rules (2.10), we then obtain that the Bézier ordinates of the
Powell-Sabin B-spline Bv,r

1,j1j2j3
(x, y) in the disk D2r−1(V1) are nonnegative as well.

Lemma 4.2. Let Tk(V1, V2, V3) be a triangle in the molecule of vertex V1. The Bézier ordinates
corresponding to domain points in the disk D2r−1(Zk) of a Powell-Sabin B-spline Bv,r

1,j1j2j3
(x, y)

related to vertex V1 in Bernstein-Bézier form can be regarded as the Bézier ordinates (after subdi-
vision) of a nonnegative polynomial p of degree 2r − 1 defined over the triangle with vertices Wi,
i = 1, 2, 3, as given in (3.5). These Bézier ordinates are nonnegative.

Proof. From the construction of B-spline Bv,r
1,j1j2j3

(x, y) we know that its Bézier ordinates corre-
sponding to domain points in the disk D2r−1(Zk) can be regarded as the Bézier ordinates (after
subdivision) of a polynomial p of degree 2r − 1. Let bi1i2i3 , i1 + i2 + i3 = 2r − 1, be the Bézier
ordinates of this polynomial in Bernstein-Bézier representation on triangle T̃k(W1,W2,W3). In this
representation only the

(
r+1
2

)
Bézier ordinates in the neighbourhood of W1 are nonzero (see the
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triangle on the right in Figure 3(a)). The values of these nonzero ordinates are uniquely deter-
mined by the set A1,j1j2j3 . We also consider the Bernstein-Bézier form of this polynomial on the

subtriangle T̂k(W1, T12, Zk), where

T12 =
2r − 1

3r − 1
R12 +

r

3r − 1
Zk = λ12W1 + λ21W2.

Let di1i2i3 , i1 + i2 + i3 = 2r − 1, be the Bézier ordinates of p related to this subtriangle T̂k. By
Lemma 4.1 we know that a subset of these ordinates in the neighbourhood of W1 can be computed
by subdividing a particular Bernstein basis polynomial of degree 2r−1 defined over PSr-triangle t1.
Let B2r−1 be the blossom of this Bernstein basis polynomial, and let σl = (σl

1, σ
l
2, σ

l
3), l = 1, 2, 3,

be the barycentric coordinates with respect to t1 of the points V1, U12 and U13, respectively, where

U12 =
r

3r − 1
V1 +

2r − 1

3r − 1
R12, U13 =

r

3r − 1
V1 +

2r − 1

3r − 1
Zk.

Then, the ordinates di1i2i3 , i1 + i2 + i3 = 2r − 1 and i1 ≥ r, can be written as

di1i2i3 = B2r−1

(
σ1, . . . , σ1

︸ ︷︷ ︸
i1 − r times

, σ2, . . . , σ2

︸ ︷︷ ︸
i2 times

, σ3, . . . , σ3

︸ ︷︷ ︸
i3 + r times

)
. (4.10)

Let ̺l = (̺l1, ̺
l
2, ̺

l
3), l = 1, 2, 3, be the barycentric coordinates of the points Wl with respect to

subtriangle T̂k(W1, T12, Zk). Using (4.9), we have

̺1 = (1, 0, 0), ̺2 =

(−λ12

λ21
,

1

λ21
, 0

)
, ̺3 =

(
z2λ12

z3λ21
− z1

z3
,− z2

z3λ21
,
1

z3

)
. (4.11)

Let P2r−1 be the blossom of polynomial p with respect to T̂k. Then, by (2.10), we can write the
Bézier ordinates bi1i2i3 , i1 + i2 + i3 = 2r − 1, of p with respect to T̃k in terms of the ordinates
di1i2i3 :

bi1i2i3 = P2r−1

(
̺1, . . . , ̺1︸ ︷︷ ︸
i1 times

, ̺2, . . . , ̺2︸ ︷︷ ︸
i2 times

, ̺3, . . . , ̺3︸ ︷︷ ︸
i3 times

)
. (4.12)

Because ̺1 = (1, 0, 0), only the ordinates di1i2i3 with i1 ≥ r are involved in the expressions (4.12)
of the ordinates bi1i2i3 with i1 ≥ r. Using Theorem 2.2 together with (4.10) and (4.12), we obtain
that for i1 ≥ r

bi1i2i3 = B2r−1

(
σ1, . . . , σ1

︸ ︷︷ ︸
i1 − r times

, σ3, . . . , σ3

︸ ︷︷ ︸
r times

,
2∑

l=1

̺2l σ
l, . . . ,

2∑

l=1

̺2l σ
l

︸ ︷︷ ︸
i2 times

,
3∑

l=1

̺3l σ
l, . . . ,

3∑

l=1

̺3l σ
l

︸ ︷︷ ︸
i3 times

)
.

(4.13)

By the definition of σl and ̺l, we find after some elementary calculations that
∑2

l=1 ̺
2
l σ

l are the
barycentric coordinates with respect to PSr-triangle t1 of the PSr-point

̺21V1 + ̺22U12 =
−λ12

λ21
V1 +

1

λ21
U12 =

r

3r − 1
V1 +

2r − 1

3r − 1
V2 = S12,

and that
∑3

l=1 ̺
3
l σ

l are the barycentric coordinates of the PSr-point

̺31V1 + ̺32U12 + ̺33U13 =

(
z2λ12

z3λ21
− z1

z3

)
V1 −

z2
z3λ21

U12 +
1

z3
U13 =

r

3r − 1
V1 +

2r − 1

3r − 1
V3 = S13.
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By the construction of PSr-triangle t1, we know that t1 contains the PSr-points V1, S12 and
S13. One can also easily see that the points U12 and U13 are inside t1. Thus, the barycentric
coordinates of these points with respect to t1 are all nonnegative. Each Bernstein basis polynomial
is nonnegative on its domain triangle, and its blossom B2r−1(τ

1, . . . , τ2r−1) is nonnegative whenever
the barycentric coordinates τ l, l = 1, . . . , 2r − 1, are nonnegative. From (4.13) it follows that the
Bézier ordinates bi1i2i3 (i1 ≥ r) of polynomial p are nonnegative when PSr-triangle t1 contains the
points V1, S12 and S13. The remaining bi1i2i3 (i1 < r) are known to be zero. Thus, polynomial p
is nonnegative on T̃k.
Using subdivision rules (2.10), we can conclude that the Bézier ordinates of the Powell-Sabin
B-spline Bv,r

1,j1j2j3
(x, y) in the disk D2r−1(Zk) are nonnegative as well.

Lemma 4.3. Let Tk(V1, V2, V3) be a macro-triangle in the molecule of vertex V1, and consider
the Bernstein-Bézier representation of a Powell-Sabin B-spline Bv,r

1,j1j2j3
(x, y) related to vertex V1

on Tk. For a given 0 ≤ m ≤ r, let Em be the row of domain points at distance m parallel to
the edges 〈V1, R12〉 ∪ 〈R12, V2〉. Then, the Bézier ordinates of the B-spline corresponding to the
central 4r − 1 domain points on Em can be regarded as the Bézier ordinates (after subdivision) of
a onedimensional nonnegative polynomial p̂ of degree 2r− 1 defined over the line segment between
the points Ŵ1 and Ŵ2, given in (3.7). These Bézier ordinates are nonnegative.

Proof. We use a similar line of argument as in the proof of Lemma 4.2. From the properties of
Bernstein-Bézier polynomials and from the C2r−1-smoothness of the B-spline Bv,r

1,j1j2j3
(x, y) across

the interior edge 〈R12, Zk〉, it follows that the Bézier ordinates of the B-spline corresponding to the
central 4r−1 domain points on Em can be regarded as the Bézier ordinates (after subdivision) of a

onedimensional polynomial p̂ of degree 2r− 1. Let b̂i1i2 , i1+ i2 = 2r− 1, be the Bézier ordinates of
this polynomial in Bernstein-Bézier form given on the line segment 〈Ŵ1, Ŵ2〉. By the construction

of the B-spline, only the ordinates b̂i1i2 with i1 ≥ r in the neighbourhood of Ŵ1 are nonzero. The
values of these nonzero ordinates are uniquely determined by the set A1,j1j2j3 . We also consider

the Bernstein-Bézier form of this polynomial on the smaller line segment 〈Ŵ1, T̂12〉, where

T̂12 =
3r − 1−m

3r − 1
R12 +

m

3r − 1
Zk = λ12Ŵ1 + λ21Ŵ2.

Let d̂i1i2 , i1+i2 = 2r−1, be the Bézier ordinates of p̂ related to this smaller line segment. Similarly

to (4.10), we can show that ordinates d̂i1i2 with i1 ≥ r can be expressed in terms of the blossom
of a particular Bernstein basis polynomial of degree 2r − 1 defined over PSr-triangle t1, i.e.,

d̂i1i2 = B2r−1

(
σ1, . . . , σ1

︸ ︷︷ ︸
i1 − r times

, σ2, . . . , σ2

︸ ︷︷ ︸
i2 + r −m times

, σ3, . . . , σ3

︸ ︷︷ ︸
m times

)
. (4.14)

Let P̂2r−1 be the blossom of polynomial p̂ with respect to line segment 〈Ŵ1, T̂12〉. Using (2.10)

and (4.11) we can write the ordinates b̂i1i2 , i1 + i2 = 2r − 1, as

b̂i1i2 = P̂2r−1

(
̺1, . . . , ̺1︸ ︷︷ ︸
i1 times

, ̺2, . . . , ̺2︸ ︷︷ ︸
i2 times

)
. (4.15)

Only the ordinates d̂i1i2 with i1 ≥ r are involved in the expressions (4.15) of the ordinates b̂i1i2
with i1 ≥ r. Similarly to (4.13), we can show that

b̂i1i2 = B2r−1

(
σ1, . . . , σ1

︸ ︷︷ ︸
i1 − r times

, σ2, . . . , σ2

︸ ︷︷ ︸
r −m times

, σ3, . . . , σ3

︸ ︷︷ ︸
m times

,

2∑

l=1

̺2l σ
l, . . . ,

2∑

l=1

̺2l σ
l

︸ ︷︷ ︸
i2 times

)
, (4.16)
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for i1 ≥ r. In the proof of Lemma 4.2, we have already shown that
∑2

l=1 ̺
2
l σ

l are the barycentric
coordinates of PSr-point S12 with respect to PSr-triangle t1. Thus, all arguments of the blossom in
(4.16) are nonnegative. It follows that all Bézier ordinates b̂i1i2 of polynomial p̂ are nonnegative.

Lemma 4.4. The Bézier ordinates corresponding to domain points in the disk D2r−1(Zk) of a B-
spline Bt,r

k,j1j2j3
(x, y) related to triangle Tk in Bernstein-Bézier form can be regarded as the Bézier

ordinates (after subdivision) of the Bernstein basis polynomial B2r−1
r−1−j1,r−1−j2,r−1−j3

(x, y) of degree
2r−1 defined on the triangle with vertices Wi, i = 1, 2, 3, as given in (3.5). These Bézier ordinates
are nonnegative.

Proof. From definition (4.7) and Theorem 2.3 (with d1 = 3r−1, d2 = 2r−1 and µ = r−2) it follows
that the Bézier ordinates corresponding to domain points in the disk Dr−2(Zk) are equal in the
Bernstein-Bézier representation of both the B-spline Bt,r

k,j1j2j3
(x, y) and the considered Bernstein

basis polynomial of degree 2r − 1. We also know that

Da
xD

b
y B

2r−1
r−1−j1,r−1−j2,r−1−j3

(Vi) = 0, (4.17)

for all 0 ≤ a+b ≤ r−1 and i = 1, 2, 3. From the definition of the Powell-Sabin B-spline and (4.17),
it follows that the Bézier ordinates corresponding to domain points in the three disks Dr−1(Wi),
i = 1, 2, 3, are equal to zero in both Bernstein-Bézier representations.

Following a similar reasoning as used in the proof of Theorem 3.1, we can conclude that the Bézier
ordinates in the disk D2r−1(Zk) of the Powell-Sabin B-spline Bt,r

k,j1j2j3
(x, y) can be regarded as

Bézier ordinates (after subdivision) of the considered Bernstein basis polynomial of degree 2r− 1.

From the subdivision rules (2.10) and the nonnegativity of a Bernstein basis polynomial over its
domain triangle, it follows that the considered Bézier ordinates are nonnegative.

We now show that the Powell-Sabin B-splines have a local support and form a convex partition of
unity.

Property 4.1. The B-splines Bv,r
i,j1j2j3

(x, y), i = 1, . . . , nv, j1+ j2+ j3 = 2r− 1, and the B-splines

Bt,r
k,j1j2j3

(x, y), k = 1, . . . , nt, j1 + j2 + j3 = r − 2, have a local support.

Proof. By their definition, it is easy to see that a B-spline Bv,r
i,j1j2j3

is zero outside the molecule Mi

of vertex Vi, and that a B-spline Bt,r
k,j1j2j3

vanishes outside triangle Tk.

Property 4.2. The B-splines Bv,r
i,j1j2j3

(x, y), i = 1, . . . , nv, j1+ j2+ j3 = 2r− 1, and the B-splines

Bt,r
k,j1j2j3

(x, y), k = 1, . . . , nt, j1 + j2 + j3 = r − 2, form a partition of unity on Ω, i.e.,

nv∑

i=1

∑

j1+j2+j3=2r−1

Bv,r
i,j1j2j3

(x, y) +

nt∑

k=1

∑

j1+j2+j3=r−2

Bt,r
k,j1j2j3

(x, y) = 1, (4.18)

for all (x, y) ∈ Ω.

Proof. We consider a particular macro-triangle Tk(V1, V2, V3) in ∆ and we show that the equality
(4.18) holds on this triangle. The same argument can be used for the other triangles in ∆. We
focus on the Bernstein-Bézier representation of the Powell-Sabin spline in the left-hand side of
(4.18) and we verify that all Bézier ordinates in this representation (see Figure 2) are equal to one.
If all Bézier ordinates are equal to one, then the spline is also equal to one.
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From the definition of the Powell-Sabin B-splines it follows that only the Nv basis functions related
to vertex Vi have function and derivative values at Vi that are not all zero. We also know that the
Bernstein basis polynomials used in definition (4.6) form a partition of unity on PSr-triangle ti.
We then immediately obtain that

∑

j1+j2+j3=2r−1

α00
i,j1j2j3 = 1, (4.19a)

and ∑

j1+j2+j3=2r−1

αab
i,j1j2j3 = 0, 1 ≤ a+ b ≤ 2r − 1, (4.19b)

for i = 1, 2, 3. It follows that all Bézier ordinates in the three disks D2r−1(Vi), i = 1, 2, 3, are equal
to one.

From the construction of the Powell-Sabin spline we know that the Bézier ordinates in the disk
D2r−1(Zk) around split point Zk can be regarded as Bézier ordinates after subdivision of a single
polynomial p of degree 2r− 1 defined on the triangle T̃k with vertices Wi, i = 1, 2, 3, given in (3.5).
Let bi1i2i3 , i1 + i2 + i3 = 2r − 1, be the Bézier ordinates in the Bernstein-Bézier representation of
this polynomial p on T̃k. By the construction of the Powell-Sabin spline, the values of bi1i2i3 in
the three disks Dr−1(Wi), i = 1, 2, 3, are specified by the values of αab

i,j1j2j3 in the sets Ai,j1j2j3 ,
i = 1, 2, 3 and j1 + j2 + j3 = 2r − 1. Because of (4.19), the ordinates bi1i2i3 , for each i1 ≥ r or
i2 ≥ r or i3 ≥ r, must be equal to one. We also know that the Powell-Sabin B-splines with respect
to the vertices do not influence the values of the other ordinates bi1i2i3 with i1 < r and i2 < r and
i3 < r. Lemma 4.4 implies that the Powell-Sabin B-splines (in Bernstein-Bézier representation)
with respect to triangle Tk can be locally regarded as a Bernstein basis polynomial of degree 2r−1
defined on the smaller triangle T̃k. By taking the sum over these Bernstein basis polynomials we
obtain that also the ordinates bi1i2i3 , with i1 < r and i2 < r and i3 < r, of polynomial p must be
equal to one. Since all Bézier ordinates of p are equal to one, it follows that the Bernstein-Bézier
representation of the Powell-Sabin spline in the left-hand side of (4.18) has Bézier ordinates in the
disk D2r−1(Zk) equal to one.

For each edge eij = 〈Vi, Vj〉 of Tk, the remaining Bézier ordinates on the rows 0, . . . , r − 1 parallel
to eij are determined by means of the C2r−1-smoothness conditions across the edges 〈Rij , Zk〉.
Because we already know that the Bézier ordinates in the three disks D2r−1(Vi) are equal to one,
these remaining Bézier ordinates must also be equal to one.

Property 4.3. The B-splines Bv,r
i,j1j2j3

(x, y), i = 1, . . . , nv, j1+ j2+ j3 = 2r− 1, and the B-splines

Bt,r
k,j1j2j3

(x, y), k = 1, . . . , nt, j1 + j2 + j3 = r − 2, are nonnegative.

Proof. We first prove that a B-spline Bv,r
i,j1j2j3

(x, y) with respect to vertex Vi is nonnegative. Be-
cause of the local support we only have to show nonnegativity over the molecule Mi of vertex Vi.
For the sake of simplicity, let i = 1 and let Tk(V1, V2, V3) be a triangle in the molecule M1. We con-
sider the Bernstein-Bézier representation of the B-spline on macro-triangle Tk, see Figure 3(a). By
Lemma 4.1 we know that the Bézier ordinates in the disk D2r−1(V1) are nonnegative. Lemma 4.2
implies that the ordinates in the disk D2r−1(Zk) are nonnegative. From Lemma 4.3 it follows
that the Bézier ordinates on the rows 0, 1, . . . , r − 1 parallel to edge 〈V1, V2〉 are nonnegative, and
in an analogous way one can prove that the Bézier ordinates on the rows 0, 1, . . . , r − 1 parallel
to edge 〈V1, V3〉 are also nonnegative. By the construction of the B-spline, the remaining Bézier
ordinates are zero. Since all its Bézier ordinates are nonnegative, the B-spline Bv,r

i,j1j2j3
(x, y) is also

nonnegative on Tk. A similar argument can be used for all other triangles in the molecule M1.

We now prove the nonnegativity of a B-spline Bt,r
k,j1j2j3

(x, y) with respect to triangle Tk(V1, V2, V3).
By the local support of the B-spline, it is sufficient to show nonnegativity over Tk. We consider
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the Bernstein-Bézier representation of the B-spline on macro-triangle Tk, see Figure 3(b). By the
construction of the spline, the spline has only nonzero Bézier ordinates corresponding to domain
points in the disk D2r−1(Zk). By Lemma 4.4 these Bézier ordinates can be regarded as the Bézier
ordinates after subdivision of a particular Bernstein basis polynomial of degree 2r− 1. Since these
Bézier ordinates are nonnegative, the B-spline Bt,r

k,j1j2j3
(x, y) is nonnegative on Tk as well.

5 Applications

In this section we first show how control polynomials and control points can be defined. Then, a
stable computation of the Bernstein-Bézier representation of a PSr-spline is given.

5.1 Control polynomials and control points

Each Powell-Sabin B-spline Bv,r
i,j1j2j3

(x, y), j1+ j2+ j3 = 2r− 1, with respect to vertex Vi is related
to a Bernstein basis polynomial of degree 2r − 1, see (4.6). The corresponding spline coefficients
cv,ri,j1j2j3

, j1 + j2+ j3 = 2r− 1, of the Powell-Sabin spline in representation (4.1) can be regarded as
the Bézier ordinates of a polynomial of degree 2r − 1 defined on PSr-triangle ti. This polynomial
will be called the control polynomial with respect to vertex Vi, and will be denoted by Ti(x, y):

Ti(x, y) =
∑

j1+j2+j3=2r−1

cv,ri,j1j2j3
B2r−1

j1j2j3
(x, y), (5.1)

with B2r−1
j1j2j3

(x, y) the Bernstein basis polynomials (2.3) of degree 2r− 1 defined on PSr-triangle ti.

By the local support of the B-splines and by definitions (4.6) and (5.1), we have the following
relation between a PSr-spline s(x, y) and its control polynomial Ti(x, y) at vertex Vi:

Da
xD

b
y s(Vi) =

∑

j1+j2+j3=2r−1

cv,ri,j1j2j3
αab
i,j1j2j3

=

(
3r − 1

a+ b

)

(
2r − 1

a+ b

)
(
2r − 1

3r − 1

)a+b ∑

j1+j2+j3=2r−1

cv,ri,j1j2j3
Da

xD
b
y B

2r−1
j1j2j3

(Vi)

=

(
3r − 1

a+ b

)

(
2r − 1

a+ b

)
(
2r − 1

3r − 1

)a+b

Da
xD

b
y Ti(Vi). (5.2)

Property 5.1. The control polynomial Ti(x, y) is tangent to the Powell-Sabin spline s(x, y) at
vertex Vi.

Proof. Using (5.2), we have

s(Vi) = Ti(Vi), Dx s(Vi) = Dx Ti(Vi), Dy s(Vi) = Dy Ti(Vi),

implying that Ti(x, y) is tangent to the spline at Vi.

Let Qv,r
i,j1j2j3

= (Xv,r
i,j1j2j3

, Y v,r
i,j1j2j3

) and Qt,r
k,j1j2j3

= (Xt,r
k,j1j2j3

, Y t,r
k,j1j2j3

) be points satisfying

nv∑

i=1

∑

j1+j2+j3=2r−1

Xv,r
i,j1j2j3

Bv,r
i,j1j2j3

(x, y) +

nt∑

k=1

∑

j1+j2+j3=r−2

Xt,r
k,j1j2j3

Bt,r
k,j1j2j3

(x, y) = x, (5.3a)
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and

nv∑

i=1

∑

j1+j2+j3=2r−1

Y v,r
i,j1j2j3

Bv,r
i,j1j2j3

(x, y) +

nt∑

k=1

∑

j1+j2+j3=r−2

Y t,r
k,j1j2j3

Bt,r
k,j1j2j3

(x, y) = y. (5.3b)

We then define the PSr-control points as

cv,ri,j1j2j3
= (Xv,r

i,j1j2j3
, Y v,r

i,j1j2j3
, cv,ri,j1j2j3

), (5.4a)

ct,rk,j1j2j3
= (Xt,r

k,j1j2j3
, Y t,r

k,j1j2j3
, ct,rk,j1j2j3

), (5.4b)

with cv,ri,j1j2j3
and ct,rk,j1j2j3

the B-spline coefficients in representation (4.1). Since the Powell-Sabin
spline basis forms a convex partition of unity, it follows that the graph of spline (4.1) lies inside
the convex hull of the control points (5.4).

Property 5.2. Let Qi,1, Qi,2 and Qi,3 be the three corner points of PSr-triangle ti corresponding
to vertex Vi. Let Tk(V1, V2, V3) be a macro-triangle in ∆, containing the points Wl, l = 1, 2, 3, as
defined in (3.5). If the points Qv,r

i,j1j2j3
related to Vi are taken as

Qv,r
i,j1j2j3

=
j1

2r − 1
Qi,1 +

j2
2r − 1

Qi,2 +
j3

2r − 1
Qi,3, (5.5)

for all j1 + j2 + j3 = 2r − 1, and the points Qt,r
k,j1j2j3

related to Tk are taken as

Qt,r
k,j1j2j3

=
r − 1− j1
2r − 1

W1 +
r − 1− j2
2r − 1

W2 +
r − 1− j3
2r − 1

W3, (5.6)

for all j1 + j2 + j3 = r − 2, then they satisfy (5.3).

Proof. We denote the spline in the left-hand side of (5.3a) by sx(x, y), and the spline in the left-
hand side of (5.3b) by sy(x, y). We consider a particular macro-triangle Tk(V1, V2, V3) in ∆ and we
show that the equalities in (5.3) hold on this triangle. A polynomial in Bernstein-Bézier form (2.2),
where the Bézier ordinates are taken as the x-coordinates (or y-coordinates) of the corresponding
Bézier domain points, is equal to the plane z = x (or z = y). This is a necessary and sufficient
condition. We now verify that the Bézier control points in the Bernstein-Bézier representation
of sx(x, y) lie on the plane z = x, and that the Bézier control points in the Bernstein-Bézier
representation of sy(x, y) lie on the plane z = y. It then follows that sx(x, y) = x and sy(x, y) = y.

By the choice (5.5) for Qv,r
i,j1j2j3

and by relation (4.6) at vertex Vi = (xi, yi), we obtain

∑

j1+j2+j3=2r−1

Xv,r
i,j1j2j3

α00
i,j1j2j3 = xi,

∑

j1+j2+j3=2r−1

Y v,r
i,j1j2j3

α00
i,j1j2j3 = yi, (5.7a)

∑

j1+j2+j3=2r−1

Xv,r
i,j1j2j3

α10
i,j1j2j3 = 1,

∑

j1+j2+j3=2r−1

Y v,r
i,j1j2j3

α10
i,j1j2j3 = 0, (5.7b)

∑

j1+j2+j3=2r−1

Xv,r
i,j1j2j3

α01
i,j1j2j3 = 0,

∑

j1+j2+j3=2r−1

Y v,r
i,j1j2j3

α01
i,j1j2j3 = 1, (5.7c)

and
∑

j1+j2+j3=2r−1

Xv,r
i,j1j2j3

αab
i,j1j2j3 = 0,

∑

j1+j2+j3=2r−1

Y v,r
i,j1j2j3

αab
i,j1j2j3 = 0, (5.7d)

for 2 ≤ a + b ≤ 2r − 1. It follows that all Bézier control points of sx(x, y) in the three disks
D2r−1(Vi), i = 1, 2, 3, are on the plane z = x, and that all Bézier control points of sy(x, y) in the
three disks D2r−1(Vi) are on the plane z = y.
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By the C2r−1-smoothness of a Powell-Sabin spline of smoothness r at split point Zk, we know that
its Bézier control points in the disk D2r−1(Zk) can be regarded as the Bézier control points after
subdivision of a single polynomial p of degree 2r − 1 defined on the triangle T̃k with vertices Wi,
i = 1, 2, 3, given in (3.5). These polynomials corresponding to sx(x, y) and sy(x, y) are denoted by
px and py, respectively. Let bx

i1i2i3 , i1+ i2+ i3 = 2r−1, be the Bézier control points of polynomial

px on triangle T̃k. From the construction of a PSr-spline and from (5.7), it follows that the control
points bx

i1i2i3
, for each i1 ≥ r or i2 ≥ r or i3 ≥ r, must lie on the plane z = x. We know that

the Powell-Sabin B-splines with respect to the vertices cannot influence the values of the other
control points bx

i1i2i3
with i1 < r and i2 < r and i3 < r. Lemma 4.4 implies that the Powell-Sabin

B-splines (in Bernstein-Bézier representation) with respect to triangle Tk can be locally regarded
as a Bernstein basis polynomial of degree 2r−1 defined on the smaller triangle T̃k. From the choice
(5.6) for Qt,r

k,j1j2j3
it then follows that also the control points bx

i1i2i3
, with i1 < r and i2 < r and

i3 < r, lie on the plane z = x. Analogously, we can show that the Bézier control points by
i1i2i3

of
polynomial py lie on the plane z = y. Thus, the Bézier control points of sx(x, y) and sy(x, y) in
the disk D2r−1(Zk) lie on the planes z = x and z = y, respectively.

By the C2r−1-smoothness of the splines sx(x, y) and sy(x, y) across the interior edges 〈Rij , Zk〉,
one can easily see that the remaining Bézier control points on the rows 0, . . . , r − 1 parallel to the
edges 〈Vi, Vj〉 of Tk must also lie on the planes z = x and z = y, respectively.

We note that cv,ri,j1j2j3
, j1+ j2+ j3 = 2r−1, related to vertex Vi are the Bézier control points of the

control polynomial Ti(x, y). They can be organized in a triangular Bézier control net. The control
points ct,rk,j1j2j3

, j1 + j2 + j3 = r − 2, related to triangle Tk can also be organized in a triangular
net.

The control polynomials mimic the shape of the spline surface in the neighbourhood of their
corresponding vertices. They can be used to locally model or change the shape of the spline
surface in a predictable way. The control polynomials can be geometrically manipulated through
the control points. Because of the local support of the B-splines, a change of a control polynomial
(or control point) will only affect the spline patches related to a few triangles in the triangulation.

5.2 Bézier ordinates of a PSr-spline

The Bézier ordinates of a Powell-Sabin spline s(x, y) in representation (4.1) can be computed in a
stable way from its coefficients cv,ri,j1j2j3

and ct,rk,j1j2j3
, using only convex combinations. We consider

the Bernstein-Bézier representation of the spline restricted to a triangle Tk(V1, V2, V3) as shown in
Figure 1. The barycentric coordinates of the points indicated in this figure are given in (4.9).

Because of the C2r−1-smoothness of the PSr-spline at vertex V1 and the local support of the B-
splines, the Bézier ordinates in the disk D2r−1(V1) are completely specified by the choice of control
polynomial T1(x, y) corresponding to vertex V1, see (5.1). In Lemma 4.1 it has been shown that
the Bézier ordinates of the B-splines Bv,r

1,j1j2j3
(x, y), j1 + j2 + j3 = 2r − 1, in the neighbourhood

of vertex V1 can be computed as the Bézier ordinates of the Bernstein basis polynomials of degree
2r − 1 with respect to PSr-triangle t1 after subdivision. Hence, the Bézier ordinates of the spline
s(x, y) in the disk D2r−1(V1) can be simply found by subdividing control polynomial T1(x, y), using
(2.10), onto the two smaller triangles spanned by the four points

V1, λ12V1 + λ21S12, λ13V1 + λ31S13, z1V1 + z2S12 + z3S13, (5.8)

where S12 and S13 are PSr-points related to vertex V1, see (4.5). Analogously, one finds that
the Bézier ordinates of the spline s(x, y) in the disks D2r−1(V2) and D2r−1(V3) can be computed
through subdivision of the control polynomials T2(x, y) and T3(x, y) corresponding to vertices V2

and V3, respectively.
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By the C2r−1-smoothness of the spline s(x, y) at split point Zk, the Bézier ordinates in the disk
D2r−1(Zk) are specified by a single polynomial p of degree 2r− 1 defined over the triangle T̃k with
the vertices Wi, i = 1, 2, 3, given in (3.5). Let bi1i2i3 , i1 + i2 + i3 = 2r− 1, be the Bézier ordinates
of this polynomial p on T̃k. From the construction of the B-splines, it follows that

br−1−j1,r−1−j2,r−1−j3 = ct,rk,j1j2j3
, (5.9)

for all j1 + j2 + j3 = r− 2. The ordinates bi1i2i3 with i1 ≥ r are completely specified by the choice
of control polynomial T1(x, y). Following the same line of argument as in the proof of Lemma 4.2
to obtain (4.13), we find that these ordinates can be expressed in terms of the blossom of control
polynomial T1(x, y) with as arguments a mixture of the barycentric coordinates of the PSr-points
S12 and S13 and the points in (5.8). We can use the multi-affine de Casteljau algorithm, see (2.9),
to evaluate this blossom. The ordinates bi1i2i3 with i2 ≥ r or i3 ≥ r can be computed in a similar
way from the control polynomials T2(x, y) or T3(x, y), respectively. Then, the Bézier ordinates of
the spline s(x, y) in the disk D2r−1(Zk) can be computed through subdivision of this polynomial p.

Given 0 ≤ m ≤ r − 1, let Em be the row of domain points at distance m parallel to the edges
〈V1, R12〉 ∪ 〈R12, V2〉. From the C2r−1-smoothness of the spline s(x, y) across the interior edge
〈R12, Zk〉, it follows that the Bézier ordinates of the spline corresponding to the central 4r − 1
domain points along row Em are specified by a single onedimensional polynomial p̂ of degree
2r − 1 defined over the line segment between the points Ŵ1 and Ŵ2, given in (3.7). Let b̂i1i2 ,

i1 + i2 = 2r − 1, be the Bézier ordinates of this polynomial p̂ on 〈Ŵ1, Ŵ2〉. The ordinates b̂i1i2
with i1 ≥ r are completely specified by control polynomial T1(x, y). Following a similar reasoning
as in the proof of Lemma 4.3 to obtain (4.16), we find that these ordinates can be expressed in
terms of the blossom of control polynomial T1(x, y) with as arguments a mixture of the barycentric
coordinates of PSr-point S12 and the points given in (5.8). One can use the multi-affine de Casteljau

algorithm to evaluate this blossom. The other ordinates b̂i1i2 with i2 ≥ r can be obtained in an
analogous way from the control polynomial T2(x, y). Then, the unknown Bézier ordinates of the
spline s(x, y) on row Em can be computed through subdivision of this polynomial p̂.

In a similar way one can also compute the remaining Bézier ordinates of the spline s(x, y) on the
rows 0, 1, . . . , r−1 parallel to the edges 〈V2, V3〉 and 〈V3, V1〉 from the control polynomials T1(x, y),
T2(x, y) and T3(x, y).

Only convex combinations are needed in the presented computation of all Bézier ordinates of the
spline s(x, y) given its B-spline coefficients. More details of this computation can be found in [11]
in the case of a quintic Powell-Sabin spline with smoothness r = 2.

Once the Bernstein-Bézier representation of the spline is known, evaluation or differentiation of the
spline within each of the six subtriangles can then be performed using the de Casteljau algorithm
(see, e.g., [2]).

6 Reduced spline spaces

In this section we propose a further reduction of the Powell-Sabin spline space (3.2)–(3.3). We will
derive specific choices of the B-spline coefficients ct,rk,j1j2j3

, k = 1, . . . , nt and j1 + j2 + j3 = r− 2, in
representation (4.1), such that the resulting Powell-Sabin splines are still able to reproduce exactly
polynomials up to degree 3r − 1. In this way, their optimal approximation order will be retained
with less degrees of freedom.

We consider a single macro-triangle Tk(V1, V2, V3) in ∆, on which we define a polynomial q(x, y)
of degree 3r − 1 in Bernstein-Bézier form (2.2). Its Bézier ordinates are denoted by di1i2i3 , i1 +
i2 + i3 = 3r − 1. We now derive conditions on the B-spline coefficients of a Powell-Sabin spline
s(x, y) ∈ Sr(∆∗) to be equal to this polynomial q(x, y) on Tk. To this end, we consider the
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restriction of control polynomial T1(x, y) onto the triangle with the PSr-points V1, S12 and S13 as
its three vertices. We denote the Bézier ordinates of the control polynomial on this finer triangle
by e1,j1j2j3 , j1 + j2 + j3 = 2r − 1. Using (2.9) and (2.10), these ordinates can be easily computed
from the spline coefficients cv,r1,j1j2j3

related to vertex V1. In this computation we only use convex
combinations. From the definitions of PSr-spline s(x, y) and control polynomial T1(x, y), it then
follows that s(x, y) interpolates polynomial q(x, y) and its derivatives up to order 2r− 1 at vertex
V1, i.e.,

Da
xD

b
y s(V1) = Da

xD
b
y q(V1), (6.1)

for all 0 ≤ a+ b ≤ 2r − 1, if
e1,j1,j2,j3 = dr+j1,j2,j3 , (6.2)

for all j1 + j2 + j3 = 2r − 1. We obtain similar interpolation conditions at the vertices V2 and V3.
Let e2,j1j2j3 , j1 + j2+ j3 = 2r− 1, be the Bézier ordinates of control polynomial T2(x, y) restricted
on the triangle with vertices (V2, S23, S21), and let e3,j1j2j3 , j1 + j2 + j3 = 2r − 1, be the Bézier
ordinates of control polynomial T3(x, y) restricted on the triangle with vertices (V3, S31, S32). The
spline s(x, y) interpolates q(x, y) and its derivatives up to order 2r − 1 at the vertices V2 and V3,
if for all j1 + j2 + j3 = 2r − 1,

e2,j1,j2,j3 = dj3,r+j1,j2 , (6.3)

and
e3,j1,j2,j3 = dj2,j3,r+j1 , (6.4)

respectively.

Referring to Figure 2, the Bézier ordinates of spline s(x, y) in the disk D2r−1(Zk) can be computed
as the Bézier ordinates after subdivision of a polynomial p(x, y) of degree 2r − 1 defined on the
triangle with vertices Wi, i = 1, 2, 3, given in (3.5). The spline s(x, y) has the same function value
and derivative values up to order 2r − 1 at split point Zk as polynomial q(x, y), i.e.,

Da
xD

b
y s(Zk) = Da

xD
b
y q(Zk), (6.5)

for all 0 ≤ a+ b ≤ 2r − 1, if the Bézier ordinates bi1i2i3 of p(x, y) satisfy

bi1i2i3 = b
[r]
i1,i2,i3

, (6.6a)

for i1 + i2 + i3 = 2r − 1. Here, the values of b
[r]
i1,i2,i3

are obtained from di1i2i3 by applying r steps
of the de Casteljau algorithm, i.e.,

b
[0]
i1,i2,i3

= di1i2i3 , (6.6b)

for i1 + i2 + i3 = 3r − 1, and

b
[m]
i1,i2,i3

= z1 b
[m−1]
i1+1,i2,i3

+ z2 b
[m−1]
i1,i2+1,i3

+ z3 b
[m−1]
i1,i2,i3+1, (6.6c)

for i1 + i2 + i3 = 3r−m− 1, and m = 1, . . . , r. This can be shown as follows. Let P and Q be the
blossoms of polynomials p and q, respectively. By (6.6), we have

P(τ1, τ2, . . . , τ2r−1) = Q
(

z, z, . . . , z︸ ︷︷ ︸
r times

, τ1, τ2, . . . , τ2r−1

)
, (6.7)

with z = (z1, z2, z3) the barycentric coordinates of split point Zk with respect to Tk. Equality (6.7)
can be easily verified by applying the multi-affine de Casteljau algorithm to both blossoms. From
the subdivision property of blossoms (see (2.10)) and (6.7), it follows that the Bézier ordinates in
the disk D2r−1(Zk) of a spline s(x, y) satisfying (6.6) can be regarded as Bézier ordinates after
subdivision of the polynomial q(x, y). This implies (6.5).
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From (5.9) we know that the spline coefficients ct,rk,j1j2j3
, j1+ j2+ j3 = r− 2, are equal to a specific

subset of Bézier ordinates of polynomial p(x, y). Using (6.6) we get the constraints

ct,rk,j1j2j3
= b

[r]
r−1−j1,r−1−j2,r−1−j3

, (6.8)

for all j1 + j2 + j3 = r − 2. From (6.6) and (6.8) it follows that a coefficient ct,rk,j1j2j3
is only

influenced by the ordinates di1i2i3 of polynomial q(x, y), where

r − 1− j1 ≤ i1 ≤ 2r − 1− j1, and

r − 1− j2 ≤ i2 ≤ 2r − 1− j2, and

r − 1− j3 ≤ i3 ≤ 2r − 1− j3.

Because j1 + j2 + j3 = r − 2, it follows that at most the ordinates di1i2i3 , with

1 ≤ i1 ≤ 2r − 1, and 1 ≤ i2 ≤ 2r − 1, and 1 ≤ i3 ≤ 2r − 1,

are involved in any expression (6.8). Inspired by interpolation conditions (6.2)–(6.4) at the vertices,
we can set the values di1i2i3 in (6.6b) as follows.� If i1 ≤ 2r − 1, i2 ≤ r − 1 and i3 ≤ r − 1, then

di1i2i3 = e1,i1−r,i2,i3 . (6.9a)� If i1 ≤ r − 1, i2 ≤ 2r − 1 and i3 ≤ r − 1, then

di1i2i3 = e2,i2−r,i3,i1 . (6.9b)� If i1 ≤ r − 1, i2 ≤ r − 1 and i3 ≤ 2r − 1, then

di1i2i3 = e3,i3−r,i1,i2 . (6.9c)� If i1 ≥ r, i2 ≥ r and i3 ≥ 1, then

di1i2i3 = τ1 e1,i1−r,i2,i3 + τ2 e2,i2−r,i3,i1 , (6.9d)

given some values τ1 ≥ 0, τ2 ≥ 0 and τ1 + τ2 = 1.� If i1 ≥ r, i2 ≥ 1 and i3 ≥ r, then

di1i2i3 = τ1 e1,i1−r,i2,i3 + τ3 e3,i3−r,i1,i2 , (6.9e)

given some values τ1 ≥ 0, τ3 ≥ 0 and τ1 + τ3 = 1.� If i1 ≥ 1, i2 ≥ r and i3 ≥ r, then

di1i2i3 = τ2 e2,i2−r,i3,i1 + τ3 e3,i3−r,i1,i2 , (6.9f)

given some values τ2 ≥ 0, τ3 ≥ 0 and τ2 + τ3 = 1.

If the spline coefficients ct,rk,j1j2j3
are chosen as in (6.8) with (6.6) and (6.9), then the corresponding

Powell-Sabin spline s(x, y) will be able to reproduce polynomials of degree 3r − 1.

Note that only convex combinations are used in (6.6) and (6.9). The values of e1,j1,j2,j3 , e2,j1,j2,j3
and e3,j1,j2,j3 can be found by subdivision of the control triangles. Thus, the proposed choice of the
B-spline coefficients ct,rk,j1j2j3

can be computed from the other B-spline coefficients cv,ri,j1j2j3
through

a sequence of convex combinations. It follows that the graph of such a reduced Powell-Sabin spline
lies inside the convex hull of the control points cv,ri,j1j2j3

.

A spline s(x, y) in such a reduced spline space Sr
red(∆

∗) is uniquely defined by the following
interpolation problem:

Da
xD

b
y s(Vl) = fxayb,l, 0 ≤ a+ b ≤ 2r − 1, l = 1, . . . , nv, (6.10)

for a given set of fxayb,l-values. Thus, the dimension of Sr
red(∆

∗) equals r(2r + 1)nv.
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7 Concluding remarks

In this paper we have presented a family of bivariate (finite element) spline spaces with smoothness
r ≥ 1 and polynomial degree d = 3r − 1. They are defined on a triangulation with Powell-Sabin
refinement. We have also constructed a set of basis functions with some useful properties for
computer aided geometric design. The spline spaces constructed in this paper are not of minimal
polynomial degree for a given smoothness r ≥ 3, see e.g. [3]. Yet, they have several other interesting
properties.

1. PSr-splines can be uniquely defined by means of interpolation scheme (3.4) requiring function
and derivative information at the vertices and split points. There is no need to know normal
derivatives at certain points along edges. The reduced interpolation scheme (6.10) only
requires function and derivative information at the vertices of the original triangulation.

2. PSr-splines can be represented in a normalized B-spline representation. The B-splines have
a local support, they are nonnegative, and they form a partition of unity. The construction
of the basis also allows the definition of control points and control polynomials, which are
tangent to the spline surface. They may be useful for modelling purposes.

3. The Bernstein-Bézier form of such a spline can be computed from the PSr-spline coefficients
using only convex combinations. In combination with the de Casteljau algorithm, this gives
us a stable method to evaluate a PSr-spline.

Sablonnière constructed in [8] similar spline spaces with the same combination of smoothness r
and polynomial degree d. If the triangulation consists of a single triangle, then these spline spaces
are identical to the ones presented in this paper. Yet, the construction slightly differs when the
triangulation has more triangles. Sablonnière proposed an interpolation scheme requiring partial
derivatives at the vertices and triangle split points, and also normal derivatives at points along the
edges. He also suggested a family of spline spaces with reduced dimension.

The condition that each PSr-triangle must contain the PSr-points (4.5) is a sufficient condition
for the nonnegativity of the basis functions. It is not a necessary condition: in case of quadratic
Powell-Sabin splines (r = 1, d = 2), Dierckx [1] has proposed another set of points, closer to the
vertex.

For the reduced Powell-Sabin spline space presented in Section 6 one can also construct a normal-
ized basis, such that its basis functions have a local support and form a convex partition of unity.
Such a basis could be constructed in a similar way as the basis described in Section 4 for the full
PSr-spline space. A reduced basis function is defined by setting in the spline representation (4.1),
with ct,rk,j1j2j3

chosen as in Section 6, a single coefficient cv,ri,j1j2j3
to be one and all other coefficients

cv,ri,j1j2j3
to be zero.
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